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PREFACE.

THE inquiry into the theory of the equili-
“bration of arches has hitherto been almoft
exclufively confined to mathematicians; and
the moft celebrated of the prefent age have
thought it worthy their attention.

The difference of opinion which exifts on
this fubje&t may be attributed to the cir-
cumftance, that practical men have not joined
in the invcﬁigation.

Much inconvenience has been experienced
by the archite® and engincer from fome
inconfiftencies in the treatifes which have
been publithed on arches and piers, and alfo
from the tedious calculations neceflary to
apply the principles contained in them to
the cafes of conic feions and mixed curves.

a | This
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This inveftigation was commenced for the
author’s own 1nformation, and for a par"ticular
purpefe; but he has been led to purfue the
fubject further than he intended, and now
offers the following effay to the public, with a
hope that fome of the defeéts in it will be
afcribed to the interruptions which other pur-

fuits have necceflarily occafioned.

In the carly progrefs of this treatife, the

paper of Dr, David Gregory on the catenaria,
Phil. Tran{f, 1697, induced a convi&ion, that if
a fimplc mode of defcribing that line geome-
trically could be difcovered, it would be an 1m~
portant {tep towards the attainment of a cor-
rect theory of thc cequilibration of arches, and
their abutment piers.  This difficulty, after

an expenfe of much time, the author has

{urmounted, (fce Prop. ix. fig. 24.) and a-

theory anfwering his cxpe@ation has been
thence deduced.

After this work had been written, it was
conceived, that an apt reference to exifting

buildings
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buildings would be a piain and effe@ual mode
of eftablifhing the truth of what is there ad-
vanced : Trinity Church, Ely, and King's
Co_l]ége Chapel, Cambridge, were, thcreforé,
fixed upon for this purpefe; and an oppor-
tunity was taken, which profeflional bufinefs
in the neighbouthood afforded, to make the
drawings figures 26. and 27. The fe&ion in
Price’s Obfervations on Salifbury Cathedral
led to the propofition on flying buttrefles.

All the fections herein publithed (with the
_exception of that of Salifbury cathedral) have
been made on purpofe for this tra&, from accu-
rate admeafurements; and much time and
expenfe have been beftowed in obtaining them.
The author thinks that n prcfcntlng them to
the public, he fhall afford to the antiquary
fuch&s for curious fpeculation, and to the
archite& a ftudy from which he may derive
,fomc practical knowlcdgc.

Thefe drawings evidently fhew that the
catenaria has been ufed to afcertain the thick-

a2 ~ nefs
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nefs of the columns and abutments in thefe
cdifices.

Under the head of Introduéory Defini-
tions and Remarks, the word equipollence
is adopted as a general term, applicable to
all arches which are enabled to retain their
actual ftate; whether from the equilibration
of their parts, or from the mode in which
they are conncéed. As the theory of the
cquilibration of arches, and the properties
of the catenaria, are deduced from the laws
of motion, thofe laws, which are dirc&]y ap-
plicable to thefe fubjedts, are given in the firft
fe@ion; it being conceived, that thc . con-
venience of a prompt reference to them, 1if
neceflary, would facilitate to the reader his
examination of the fyftem propofed to be
fupported 1n the fub{equént {heets,

‘Thc author takes this opportunity of ftat-
ing, that from an inveftigation of domes of
cquilibration, and their abutment walls, "he
has reafon to believe, that the outline of the

] pace



PREFACE. 1X

fpacc enclofed by a number of chains of equal
links, connected together, but freec to move
according to gravitation, fufpended from a
circular hoop, bears the fame relation to a
dome and its abutment wall, as the catcnaria
does to an arch and its abutment piers;
though he has not had leifure to afcertain the
truth of this hypothefis, He 1s not aware
that the curve, which would be formed in
this ménncr, has already been confidered by
mathematicians : thould, however, any ’thing
have been publithed conéerning it, he will be
obliged to any gentleman who thall refer him

to fuch a work,

14, John Street, Adelphi, London,
Jan. 1, 1809.
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INTRODUCTORY

DEFINITIONS AND REMARKS.

Fig. 1. A arch of equipollence is a curve,
whofe feveral parts are prevented from. follow-
ing their natural direGtions towards the centre
of the ecarth by mutual oppofition, The
refpetive actions of the parts are fo regulated,
that through their reciprocity they muft re-
main 1n their aGual ftate; or, if they begin to
gravitate at the fame time, each part muft
move through the fame perpendicular {pace in
the fame time, and the chord A B will always
keep its parallelifm. It is, therefore, of no im-
portance to the ftability or form of the arch of
what confiftericy the foundations A, B are; fo
that they are equally compreflible, and defcend
together, keeping their horizontal plane, Un-
lefs the parts A, B move, no other part can
move,

B If
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It the lines of direction of all the parts cen-
tered i one point, that point muft receive an
equal preflure from each part.

An arch may be equipollent from either of
two caufes: the onc from the relation of the
weights of the moveable parts, independent of
any affiftance from continuity, as in an arch of
cquilibration; the other from continuity, when
the parts do not equilibrate.

Equipollence in an arch does not imply that
cvery part is equally able to fuftain a given.
weight, but that it is able to bear an equal
additional relative weight on each part, or
that the cdntinuity may be able to balance or
deftroy any inequality in libration : as in both
cafes the actions of the parts are the fame, the
word applies both to the arch of equilibra-
tion, and to the arch enabled to ftand by
virtue of the mode in which the parts are
connedted. |

Every arch may be an arch of equipollence
if the actions of the parts be equal. - Equal
afions may be obtained by parts of equal
fizes, and of proportional {pecific gravities; or
of different fizes, and the fame {pzcific gra-
vity, as in an arch of equilibration; or of equal

| fizes,
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fizes, and the fame {pecific gravity, and faft-
cned as 1n a catcnaria; or of any fizes, and
any f{pecific gravity, but fecurely faftened, as
m arches which are built rather from experi-
ence than principle,

Here 1t 1s to be obferved, that the tenacity
of the parts, or the cohefion, 1s always a refift-
ing power; and from this circumf{tance an arch
may be doubly ftrong: it may be equipollent
from both equilibration and faftening,.

In our endeavours to form a perfe arch,
the confideration, that the more ncarly we
attain cquilibration, the nearer we approach
to perfettion, is of the utmoft importance.

An arch of equilibration being able to ftand
of itfelt will be more able to fuftain an addi-
tienal weight, and the whole refiftance of the
coheflon of its parts will oppofe that additional
weight; whereas in an arch, which does not
equilibrate, part of the cohefion will be em-
ployed in refifting the incquality in the actions
of its own parts. | |

Equilibration in the bafis is as important as
in the ftru&ture of the arch., When a founda-
tion 1s uniformly foft or compreflible, it is
better and cheaper to erect the building on a

B 2 planked
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planked grating or fleepers, allowing an extra
height for the probable finking. When the
foundations are not uniform, an equal bed
muit be obtained by excavation or piling.

As no weight has any horizontal force, and
the refiftance which a force, acting 1n a hori-
zontal direction, meets with from a body lying
on a horizontal planc, is caufed by the cohe-
fion between that body and the plane; no
weight, therefore, however finall, can be fuf-
pended between two powers aéting in a
ftraight line, the parts being perfeétly free to
move.

Fig. 1. If A were a lubricous particle, and
F A a lubricous horizontal plafle, no lubri-
cous weight could refift the force of A in the
direétion A T two 1infinite powers muft be
therefore obtained by the depth in which the
foundations are funk in the earth.

All bodies lying on level beds, which reccive
a lateral impulfe, fhould have as much cohefion
and fri¢tion as can be given them.

Cohefion and friction are increafed by the
weight of bodies, or by cement and faftening.

A catenarian curve, or the line formed by a
pcrfc&ly.ﬂe:cib]e chain, fufpended at its two

extremities, 1s an arch of equipollence.
It
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It has hitherto keen aflcrted, that 1if this liné
were inverted, and compofed of infinitely {mall
rigid and polifthed fpheres, it would retain the
fame form: from this it has been concluded,
that an arch of equal voufloirs, forming this
curve, would be an arch of equilibration.

The fallacy of this opinion appears mani-
feft, as the conuexion which equalizes the
action in one cafe i3 of no ufe in the other;
therefore it could not be even equipollent.

It i1s evident the connexion 1s neceflary to
equalize the adtions, fince bodies in inclined
dirc¢tions, whether fupported or fufpended,
lofe part of their gravity, according to
their dire&ions; and as the directions of the
links in a chain differ, their aéions muft be
uncqual, unlefs fome other force except gra-
vity be applied to equalize them, This error
feems to have arifen from confounding the
equipollence of a catenaria with equilibra-
tion. |

Extract from Dr. David Gregory’s paper on
the Catenaria, Phil. Tranf. 1697. Fig. 23.

“In a vertical plane, but in an inverted
“fituation, the chain will preferve its figure
‘““ without falling, and therefore will conflitute

B 3 “a very
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a very thin arch, or fornix; thatis, inﬁnitely
{mall rigid and polifhed fpheres aifplofcd inan
mverted curve of a catenaria will form an
arch: no part of which will be thruft out-
wards or inwards by other parts, but, the
lowelt parts remaining firm, it will fupport
itfelf by means of its figure.  For fince the
fituation of the points of the catenaria is the
fame, and the inchnation of the parts to the
horizon, whether in the {itauation A C 8, or
in an inverted fituation, fo that the curve
may be in a plane which 1s perpendicular to
the horizon, it is plain 1t muft keep 1ts figure
unchanged 1n one fituation as the other.
And, on thc contrary, none but the cate-
naria is the figure of a true legitimate arch,
or fornix. And when an arch of any other

“ figure is_fupported, it is becaufe in itg thickness
“ fome catenaria is included. Neither would it

114

114

{4

be fuftained, 1f it were very th‘r}‘in, and com-
pofed of flippery parts. From Corol. g. it
may be colle&ted, by what force an arch, or

“ huttrefs, prefles a wall outwardly, to which
¢ it is applied; for this is the fame with that

S« part of the force fuftaining the chain, which

“ draws according to a horizontal dire&ion.

¢ For
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<« For the force, which in the chain draws in-
“ wards, in an arch equal to the chain drives
“ outwards. All other circumftances, con-
“ cerning the firength of walls to which
¢ arches are applied, may be geometrically
‘“ determined from this theory, which are
« the chicf things in the conftruction of edi-
“ fices. Inftead of gravity, if any other power
“exert its force, aéting in like manner on a
“ flexible line, the fame curve will be pro-
“ duced. For example: if the wind be fup-
“ pofed cquablc,j) and fhould blow, according
“ to right lines, paralle]l to a given line, the
“ line thus inflated by the wind wou}d be the
“ fame as the catenaria, For fince all things
“ obtain 1in this other force, as we have fup-
“ pofed in gravity, it is evident the fame line
“ muft be produced.”

The truth of the fentence in Italics, in the
above quotation, 1s evident, though drawn
from falfe premifes. It is clear that two
curves, whofe parts are equipollent and free
to move, whether from a relative connexion
of the parts, or from equilibration, muft pro-
duce the fame form: but the fame reafon

B 4 | which
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which 1s given, to prove that the catenaria
would kecp 1its figure unchanged in the one
fituatiou as the other, would apply to an arch
of equilibration inverted, as its parts would
have the famc inclination to the horizon.
"When a chain forms a curve, and 1ts parts are
free to gravitate, they endeavour to affume the
longeft poffible linc; the curve formed by
parts, which are in:equilibration, and are free
to gravitate, 1s the fhorteft poffible line: in
the one cafe mutual diftention retains them
in their fituation, 1n the other mutual com-
preflion. If the a&ions of the parts of an in-
verted catenaria be equal by gravitation, as
they muft be to retain their fituation, then
every joint in a chain is equally liable to
be broken by the gravitation of the parts;
but the contrary 1s evident from experience :
therefore the inverted curve of a catenaria,

compofed of equal® rigid polithed fpheres in a.

platic perpendicular to the horizon, cannot
keep its figure. By mechanics the a&ions of

* Although Dr. David Gregory does not fay equal, he
evidently means it ; and it has been fo underftood by others.
~(Vide Dr. Hutton’s Recreations in Mathematics.)

equal
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cqual bodies, in different degrees of inclina-
tion, arc uncqual; but the actions of the links
of a chain, free to gravitate, are equal by mu-
tual oppofition, and are in different degrees of
inclination: therefore the abfolute gravities of
the links muft be either proportionally in-
creafcd by the oppofition according to the
inclination to render their adtions equal, or
the connexion, as a refifting power, muft be a
fubftitute for this increafe. Now bodies may
lofe, but cannot acquire force by oppofition,
therefore it 1s the connexion which renders
the actions of the links equal; and the in-
verted curve of a catenaria, compofed of equal
rigid polithed fpheres in a plane perpendicular
to the horizon, without connexion, cannot
keep its figure,
~ Fig. 2. Every particle of the arch B ¢ B,
A CA, is in an oblique diseétion, a b, ab,
&c. except thofe 1n the direétion ¢ C, wluch
are vertical, |

The iron B¢ B is fuppofed inflexible, in-
frangible, and fecure at the extremities B, B;
it 1s evident, that if the material of which
the arch is compofed be not liable to be
cruthed or compreffed, the arch cannot vary

1n
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in any part. To fubftitute an addition to the
thickne(s of the arch for this ligature is a dc—
fideratum in azchitectusc.

It 1s evident that the deftru@ion of the arch
1s to be attributed to the parts being forced
upward, no part being able to fall until fome
other part has rifen to make way for it: the
direction of the particles of an arch are coale-
quently from b to a, from ) to .

It the muaferals wi an arch be liable to
compreffion, the iron B ¢ B would become
ufclefs, ”

The objet in ufing faftening to the vouf-
{oirs of an arch, is to obtain an effe& fimilar
to that which 1s produced by the iron B¢ B,
and-1s {imilar to the connexion of the links
1n a chain, ‘

If every‘ particle of the arch A C A be
weighted, fo that it can refift the force with
which the contiguous particles ftrive to prefs
it in the direétion from & to a, however
weak the material may be, it thall ftand,

Pcrfe@ion in machinery is precluded by co-
hefion and friction, becaufe motion, its objedt,
1s thereby impeded.  In arches, ftability being

the obje&, cohefion and friction are auxiliary.
The
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The larger the'parts are in an arch, or, in
other words, the fewer the joints, the lefs
fubjelt 1s it to variation, as the cohefion is
grecater: but the larger the parts, the more
liable 1s the material to fracture.

Figures 3. and 4. A B CD are two blocks
of ftone, taken from a quarry in which they
have been prefled in the direétion from B to D
ever fince their formation, fo that their parts
may be confidered as linear, and fimilar to the
parallel lines A B and CD. Stone, in the
direétion from B to ID, will bear almoft any
weight; but in the dire&tion from B to A
would be crufhed or fractured by a compara-
tively fmall one. It is evident that the vouf-
foir E fhall be ftronger than the voufloir F, as
the fide a b partakes more of the frangible
dire&ion A B of the ftone than ¢ d: the
necarer; therefore, the fides of a voufloir af-
fimilate to parallel lines, or the more vouf-
foirs there are in an arch, the ftronger will be
the material. * |

* The impropriety of making great fkew-backs to ftraight
gauged arches is evident, as it refpets the material ; and it
will be feen afterwards, as it affefts the arch: it is'a mo-
dern pra&ice, and is feldom to be found in the old gqugcd
arches,

It



(12 )

If no afliftance be required from cement,
fri®tion, and faftening, but an equable action
and rcfiftance m the parts be obtained by
weight, the ize of the voufloirs, the infrangi-
bility, the incompreflibility, 1f they be homo-
geneous, 1s of no importance. Cement, fric-
tion, and fattening, and folidity of the mate-
rial, do not at all deftroy the cquilibration of an
arch; they, on the contrary, tend to refift the
uncertainty of preflure from other caufcs, and
are not to be negle&ted. A brick arch 1s com-
pofed of parallelograms, with the terftices
filled up with cement and flates, or other
hard fubftanées, or cement alone: the diffi-
culty in pratice of making thefe imple-
ments homogencous with the bricks occa-
fions a fettling.

Fig. 5. The intrados a4 b 1s fuppofed to
cquilibrate: the matter in the interftices has
the fame effect as a horizontal force prefling
in the direion ¢ f to keep the brick in the
oblique direétion ¢ d; if it be inadequate,
the brick turns on its point at the intrados,
and every other brick follows,

Bricklayers from experience build their
arches in {eparate rings without bonding

“them
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them together, except where the joints acci-
dentally mect at o; by which method they
diminith the fize of the interftice, and the
arch of courfe approaches nearer to homo-
geneity, and the fkill of the workman be-
comes lefs important.

Fig. 6. This arch is compofed of ftones,
with parallel beds and perpendicular joints:
it is cvident no part of the arch can fall
until fome one of the ftones & b flide out-
wards, or crufh. |

It is probable arches of this kind were an-
terior to the arches whofe conftituent parts
have oblique lines of conta&.

In this arch it will be feen, that the hori-
zontal and perpendicular forces are refolvable
into oblique forces c¢; and if the angles
cdc were taken off, the intrados would be
an arch.

A TREATISE,






A
TREATTIS L,
&c. &c.

SECT. L.

UF THE GENERAL LAWS OF MOTION, APPLICABLE TO THE
SUBJECTS TREATED OF IN THE FOLLOWING \WORK.

PROPOSITION 1.

Fig. 7. IF two forces urge a body B at the
fame time in the direions of, and propor-
tionally to, the fides-B A and B C of a paral-
lelogram, 1t will move through the diagonal
B D.

. While B moves from B to C fuppofe the
line BC to move parallel to itfelf into the
line AD; the body muft therefore be always
in the moving line BC. When B C fhall
arrive at a b, let the body be arrived at 4;
then, fince both the line B C, and'the body
B, move uniformly, the one along B A, and
the other along BC, it willbe as Ba: ad ::
B A : AD; therefore B 4D is a right line.
' 1. The
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1. The forces 1n the dire&tions BA, B C,
and B D, are refpectively proporti\‘onal to the
lines BA, BC, and B D. |

2. The two torces BA and B C may be
compounded mto the fingle force BD by
drawing the diagonal of the parallelogram
BD.

3. The fingle force B D may be refolved
mto the two forces BA and B C by de-
fcribing a parallelogram, having B D as a
diagonal, and B A and B C the directions of
its fides. |

4. If two forces, BA and BC, a& in
the dire¢tions B A, BC, refpetively, draw
B ¢ to the middle of the right line A C, and
twice B e is the force compouhdcd out of
B A and B C, and B ¢ its direétion.

Fig. 8. As the angle A B C fhall decreafe,
B D will increafe; and when the angle has
vanifhed, the forces B A and BC will a&
together in the dire¢tion B D, and the com-
pdund force will be the greateft.

Fig. 9. As the angle A B C fhall increafe,
B D will decreafe; and when the angle has
vanithed, the forces B A and B C will a&
and react in a ftraight line, and there will be

no
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no compound force. If the forces be equal
they will balance or deftroy each other; on
the contrary, if they be unequal, the lefs of
the two will be deftroyad, and be moved in
the direction of the greatér with a force equal
to the ditcerence between them.  Hence 1t 13
impoffible to fufpend 1 a ftraight line any
wcwu‘c, or a porfcily flexible chain, free to
gravitate by the aﬂ,on of any forces, unlefs
they a\ft m a direGtion oppulite to that of
(grax-xty.

PROPOSITION 1T,

Lig. 10, If two forces, A and B, fuftain a
weight I, and the three forces equilibrate,
they will be to cach other refpeélively as the
three fides of a triangle drawn parallel to their
lines of dire¢tion HF, F D, D H.

Let HD reprefent the weight, and produce
A H and BH, and complete thc parallclogram
HF D E; and by the laft propofition the force
D H is equivalent to the two-forces H E and
HF: put, therefore, the forces HE and HF
inftead of D H, and the forces will {tll equi-
librate. Therefore H F is equal to the oppo-

c fite
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fite force A and HE, or DF to its oppofite
force B : therefore the three forces are refpec-
tively as HF, F D, and D H.

1. Hence the forces A BD are refpec-
tively as the three fides of a triangle drawn
perpendicular to their lines of direttion, as
fuch a triangle will be fimilar.*

2. The diagonal of a parallelogram muft
always be the line of dire&tion of the refift-
ing power; and the two fides interfeéting
it muft be in the direGion of the ading
powers.

# Fig. A. Demonfiration : If the line N D be at right
angles 1o the fide K M (as we fuppofe), we have the two tri-
angles, M N D and M KP, alike; as they have each a right
angle, and the angle K M P common: the angle X will be
equal to the angle N D M. By a fimilar reafoning it will
appear, that the angle L is equal to the angle O D M ; but
as the angle OD M is equal to the alternate angle EHD,
it follows that the triangle K M L is fimilar to the triangle
EHD.

The power A may therefore be exprefled by K M, the
power B by M L, and the power C by K L, each line
being at right angles to the power which it exprefles.

It may be needlefs to obferve, that any triangle, KR §
having its fides at right angles to the direCtion lines of the
power, although they do not cut them, wil! alfo exprefs the
relation of the powers A B C., |

3 If
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3. If any number of forces al againft
any point in one plane, and equilibrate, they
may be all reduced to the action of three, or

of two, equal and oppolite ones.

PROPOSITION III.

Fig. 11. If one body alts againft another
body by any kind of force whatever, it exerts
that force in the direétion of a line per-
pendicular to the furface whereon it alts.

Let the body B be aced upon by the force
A B. The plane C D, and obftacle E, hinder
the body B from moving: divide the force
A B mto the two forces CB and F B, the
onc parallel to the plane C I3, the other per-
pendicular; then the plane will receive the
perpendicular force F B, and the obftacle E
the parallel force CB. Take away the ob-
ftacle E, and the force CB will move the
body along the plane C D with no other
hinderance than may arife from cohefion, oc-
cafioned by the preflure of F B on B, which
would be nothing, were the furface and body
B perfectly fmooth. The force C B, there-

C 3 fore,
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fore, having no effedt, the remaini‘\ng force
F B will be the only one whereby the body B
alts againit the plane CD, and that in the
direction I B, perpendicular to it.

PROPOSITION 1V.

Fig. 12. The force wherewith a rolling
body dcfcends upon an inclined plane 1s, to
the force of its abfolute gravity, by which
it would defcend perpendicularly in a free
fpace, as the height of the plane is to its
length, \

Draw F E perpendicular to A B, (by Prop.
II. Fig. 10.) A E (being horizontal, and con-
fequently at right angles to the direction line
of gravity,) will exprefs the abfolute gravity of
C; FIE will exprefs the force with which it
defcends in the dire@ion A B, being at right
angles thereto; and A F, the force with which
it prefles the plane A B, being at right angles
to the diretion of that preflure: and by fimi-
lar tnangles, the weight of the body, its
force in. the dire&ion of the plane, and 1ts
preflure againft the plane, are refpectively as
AB DA, andDB.

L | Suppofe
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Suppofe the planc A B to be parallel to the
horizon, the cylnider H will be at reft upon
any part of the plane where it is laid; becaufe
the fupport or hinderance from the plane 1s
cqual to the whole abfolute gravity, and its
torce 13 deftroyed, and thcrc 15 no height to
repre Lllt any.

It the planc A B be elevated, fo as to be
perpendicular to the horizon, the cylinder
C will defcend with its whole force of gra-
vity, becaufe the plane contributes nothing
to its fupport or hinderance.

1. If two bodies defcend by the forcc
of gravity from the points D and B;
by the inclined plane B A, and the othcr‘
by the line D A; and the foxmer be cqual
to B A, and the latter to D A; they will
require a fimilar force to fuftain them in
their direflion, or fhall defcend with equal
force: or if there be two planes (g, B.)
of the fame height, and two bodies be laid
upon them proportional to the lengths of the
planes, they will mutually fuftain cach other
if they, be connected by a firing, having
liberty of motion over a pulley, and ading
parallel to the planes.. | -

c 3 | 2. The
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2. The gravity of a body is decreafed
the nearer its direftion 1s to a horizontal
line: if the dire@ion be a horizontal line,
it has no gravity.*

3. The difficulty of moving bodies on a
horizontal line arifes from the refiftance of
cohefion; and that of continuing the motion,
from the refiftance of fricion.

4. In bodies on' inclined planes, what-
ever be the length of the plane, if the ver-
tical lines or héights be equal, the forces of
the bodies (their weights being in proportion
to the length of the inclined planes,) fhall be
cqual.

PROPOSITION V.

Fig. 13. Let there be any number of lines,
A B, BC, CD, DE, &c. all in the fame ver-
tical planc, conne&ted togcthcr, and moveable
about the joints A ,B, C, D, &c. (the two ex-

* Tt will be obferved, that matter can never lofe its
gravity but as two equal powers in oppofition deftroy each
other; therefore the gravity of a body may be faid to be
diminifhed on an in_c_l‘ined, plane, and to be deftroyed, or
the body be faid to have no gravity on a horizontal plane.

treme
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treme points, A and G, being fixed), It is
required to find the proportion of the weights
to be laid upon the joints B, C, D, &c. in the
dire¢tion of the radii from thofe points, fo that
the whole may remain in equilibrio.

From the feveral joints, having drawn the
lines Bb, Ce¢, Dd, &c. reprefenting the
dire&ion in which the weights are to act
at the joints B, C, D, &c. cret the equal
perpendicular lines B#n, Cp, D d, &c. and
draw the honzontal lines # b, p ¢, &c. . inter-
fe&ting Bb, Ce¢, &c. 1n b, ¢, &c.; then B,
Ce¢, Dd, &c. will be proportional to the
weights required,

€4 TABLE
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dowi inclined plunes in the djfferent degrees of inclination, be-
Lweceir a hortzoweal and perpendiculur line, so that their forces

way be equal, o

vom o — purwaye.

"\ Ry

Degrees. 4 ALfulute Weighr)l D grcs. Abfolute Weight ] Degrees. | Abfolute Weight

Harizenta), [ninite, ' ‘
58,523 31 1,041 61 1,143
- 28,572 32 1,887 62 1,133
10,251 33 | 1,835 | 63 1,122
14,280 34 1,789 || 64 1,112
11,404 35 1,745 65 | 1,104
;9,615 f 36 1 1,701 66 1,095
8,196 || 57 | 1,601 | 67 1,087
7,104 1| 38 1,623 68 1,079
0,410 || 39 1,590 6g | 1,071
10| 5,747 || 407} 1 70 1 1,064
11 5,236 |l 41 | 1 71 1,058
121 4,808 || 42| 1 72 1. 1,052
“»1
1
1

D D G
30 STl &

S 4152 |44 74 | 1,041
16 3,800 |45 ] A o7s 1,085
A0 623 40 ) a0 760 Y 1,081
A7 saes 47 L L3087 1,027
A8 aesG | 48 [ 1340 ol 787 1,023 L
g 8,077 400 azd 70 3,018 0
SRz geke |50 1,305 80, | 1,015
SRl e zges hosl i Le87 | B 1,012
cee e Goy o re 1,200 82 1,010 )
gy Vol e 11,008
: 1,230 847 | 1,000 -
SE2L 85 1,004
‘ 11,003 -
o 1,002

oo

1,001
00"

TABLE



TABLE IL

25

ot

Table shewing the force of a body, whose weight is 1,000, sliding
down inclined planes in the different degrees of inclination, be-
tween @ horizontal and perpendicular line,
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SECT. IL

OF ARCHES OF EQUILIBRATION,

Ix the following propofitions the fections of
the arches and abutments are ufed for their
folidi_,ti_c's";v and the parts are confidered as ho-
mogencous lubricous reangular planes of
cqual thlckncfs which prefent their edge in
the fcéhon

- .PROPOSITION'VI

Fig. 14 lecn thc ]cngth of one plane
\Y% b, and its dxrcéhon and the dire@ion of
other _planes ea’ the extremities d d, &c. of
all the plancs are tangcnts to the fcmlclrclc
'AVB and compofc the. fcmlclrclc The
-plancs are rc&angular, and of equal thlcknefé,‘
confcqucntly their _maﬂ'es WlH bc as thcxr
lcngths.;_.v R T
chuu'cd_ the cngths \ad or thc cxtradosk
th _ijlohs atd knay be cqual
of If;“.t'hc: arch{-A:;V B may l c m ,

. *Dr,a'wv":.
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Draw d¢ parallel, and equal to V b and Ce
horizontal, cutting de ine, e : d(:, d e, thall be
the lengths required.

Demonfiration : The a&ions of the wc1ghts

¢ d, ¢ d, are cqual; as cd, ¢ d, are cqual: and
AV B is an arch of cthbratlon, having eee
as an cxtrados.

1. If the plancs were not at right angles to
the tan: gents at the points 44, thelines de, de,
&c. could not exprefs the mafles of the planes;
as de, de, would differ in their widths,

2. The plane de, bcmg at right anglcs
to the tangent, mui’c ‘be the joint effe@
of the two equal aéhons of the adjoining
p]anes and the three forces thall equilibrate.
.3 If ‘the arch had any folid abutment
of rock, or ecarth, a e f; the refiftance
from fAde would bc alone neccﬁ'ary, and
e f would be the boundary on that fide;
'-or thc rock mlght bc cut in thc form
: In thc crcc‘hon of archcs xt is not only nc-f
?-ccﬁ'ary to obtam a good foundatlon to ftand
:v»iupon, but 1t 1s alfo neccﬂ'ary}to obtam a,good’
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weight free to gravitate can be fufpended
by two finite forces aéing in a horizontal
line; from C towards A, and from D to-
wards B.  An infinite horizontal refiftance
muft interfc& the line ¢ ¢ fomcwherc; that
the arch may equilibrate: the folid earth or
fock is fuppofed to be that refiftance; there-
fore 1n no cafe can the height of V, above
the carth or rock, be cqual to the abfciffa
of the arch, when ¢e continued fhall be
the form of thc extrados.

5. It will be obferved, that the planes are
confidered rc&angular parallclograms con-~
fcquently, when placed. in the circumference
of a circle, there would be 1ntcrﬁ1ccs between
thcm, 1ncrcaﬁng n W1dth from d towards ¢,
were thc arch only compofed of phncs 1{Tu1ng
out, and havmg cxtrcrmtlcs in the intrados.
But thls is not thc Cd{c cvcry mterf’clcc as 1tj
occurs bcmg ﬁllcd W1th {uccefﬁons of rc&an—
‘gular para]lclograms thc cxtrcmltlcs of whlchl
form 1ntradoﬂ'cs to othcr alélléq of equlhbra-'
,tlon, unt11 vhc’:wholc fpace 'e d ed is ﬁllcd :
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0. It 1s held by fome, that an arch which
{prings from a horizontal bed, C A, exerts
no thruft on the pier which fuftains it;
and by others, that 1t does: the former 1s
theorctically, the latter experimentally, trie,
By Prop. ni. fig. 11.1f A C were a lubricous
planc,.the arch A V would {flide off the pier
at the Ievel A C, bceing alfo lubricous, how-
cver thick or {flender 1t might be.  The arch
itfelt can, thercfore, exert no thruft on the
picf; but as the two furfaces always cohere,
cither from the weight or cement, Orl_from-
both jdintly, the arch A V, in endeavouring
to flide off the piet. ‘1n the horizontal direc-
tion, is refifted by that coheﬁon, and aﬁe&s
thc p1er EIE | S

Fzgures 15, 17 18 19 *"o ~—-7" The
fame prmmplcs, by Wthh the cquilibra-
tion of the fcmxcxrcu]ar arch 18 found will
apply to ‘every. curvc whofc tangcnts, and
the thlckncfs at the vertex, are. glven,
and thc famc procedure as. ﬂlewn m this
etample, thn apphed to another curve'
"\Vlth thc above reftrl&lons, will producel_ xtsv

‘extrados of equ1hbratlon.

8. The
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8. The lower the arch at V E may
be in proportion to its fpan A B, and the
greater the thicknefs at V & may be, the

nearer will the extrados, 1mmediately over
A B, approach a horizontal line.

PROPOSITION VII.

Fig. 21. Given the horizontal line A B,
being the extrados of an arch, whofe parts
arc lubricous, and are fufpended between
two lubricous abutments; the forcc of one
of the parts, Vb, bcmg alfo given.

chmrcd the mtrados, fo that thc parts
{hall be in equilibrio? |
| Tt is cvxdcnt that CD would be the intra-
dos required; andCA e, DB, &c. would bc
the dire&tion’ of the parts, were it poffible to
‘obtam a reﬁ{hng abutmcnt in a horizontal
-dlrcéhon or rathcr to: fufpcnd ABDC;
by a prc(Turc at rlght angles to DB and
C A; the abutmcnt muft thcrcforc be ob-
:hquc Let F and H bc thc abutmcnts, andf
Ae and Be their hncs of obhqulty, forming.
j-thc fdmc anvlc W1th a vc:jlcal lmc, protraé’c'

Ae
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A e and Be until they meet in E. From E,
as a centre, defcribe the arch dd, and take
any number of parts 4, d; through which
draw the lines ae, ae, equal and parallel to
V b; and draw through 4, d, ¢ d f, ¢ d f, radi-
ating from E.

1. If ¢ £, ¢ f; &c. were the dire@ions of the
planes, the moment liberty of motion thould
be givcn them, they would turn on d as a
centre, and fall 1 In the dlre&lon ae.

2. If the cxtrcrmtxcs cc were held ﬁrm,
they would either bend in ~ the dire@ion
¢de, or all the parts below the line ddd
would break off, bcgmnmg from e at the
abutment*‘ as thofe parts could receive no
refiftance from the abutments, and thc arch
mui’c fall. A S _;,

3 If the extrados had bccn b b any thmg;
bclow bd, thc arch muﬁ: fall mﬂtantaneouﬂy,.j
as it could not reccwc any fupport from the;
abutmcnts between 7 a’ m. T

4. As cf cf, are not ﬁrm]ar plancs, thclrf‘
ac’hons cannot be rcprcfcntcd by a e, a e -

‘ Scc the arch ovcr thc gateway lcadmg from Gray .~.
Inn Squarc to Gray s Inn Lanc S e ey -

5 Thr
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z. The mtrados of an arch, whofe ex-
trados fhall be honzontal, muft be hori-
zontal alfo, and vice verfa; and the parts
muit o be 1 a vertical dire&ion, which
is impofiible: and no arch of equilibration
can have ecither a horizontal extrades or
intrados.®

PROPOSITION VIIT.

 Fig. 22. Given the extrados C 4 D, and
intrados A V B, being a femicircle to which
the extrados 1s parallel.
Required the direction of the parts, fo that.
thcy may bc:_ i_n ‘_cqu_ilibrio ? |

* Where the foﬁtes of archcs, ‘over the openings of
wmdows, &c. arc requucd to be horizontal, the arches are
of this dcfcnptlon, ‘although thefe arches appear to bear
{-great wcnght, in reality they only fuﬁam their own, Thcy
are. (m bucl\—woxk) onIy four mches thick, and the inner
_'part of the wall above is fupported e;ther bya wood lmtc] .
or an ar¢l1 |

f: 'a dxﬁ'ercnt (waptxon 5 and they are rehcved
i'from the part {t: mdmg on them by laymg the firft courfc_‘
“of bricks all hoadms by V. whuh means thc wexght is thxown
tupon the mncr 'U‘Cl’l or lmtcl e I DRI R

T he- p'll ts of 1hcfe arches are hcld together by thc adhc-'}
{ﬁon and infr .mgxbxluy, 'md fhould bc callcd buck or ﬁone‘_
;‘_“‘fummers, rather than ar TR
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The force at V muft be V . Draw from
any points, 4, d, the lines ¢ d, ¢ d, parallcl
and equal to Vb, and ¢ ¢ horizontal, cut-
ting the extrados in ee; draw ed, e d, which
are the direGtion of the parts having equal
ations.

Referring to the laft propofition of the ho-
rizontal arch, it may be obferved, that a frac-
ture would alfo take placc at this intrados,
the part 5 d A of every plane bcmg fubjc& to
be broken. The planc de prefles on the ad-
_]ommg plane in the dire®ion 44, and is
refifted in an oppoﬁtc dire®ion from the
abutment; and the. part dbA can only be
prefled by a force equal to that with which
it prefles, therefore there is nothmg to break
it. Wcrc thc prcﬂ'urc at the- cxtrado ‘.the'j
parts em Would cv1dcnt1y be fra&urcd from
every p]anc, as’ thcrc 1s no rcﬁﬁencc to thc!»z
force w1th Whlch 1t would be prcﬁ'cd bc-;
twccn e and M it S e S

Thc cxtrcmltlcs "o, thc planes ed ed &Ca
1f rc&angular, : cannot form thc mtrados of'
thc fémxclrclc, bccau{c, if thcy form thc
mtrados, they will. be rhomboxdal and dxﬂi- .

mxlar, and bcmg dlﬂimxlar, , cd cd cannot
| Vi tcprcfcnt
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reprefent their refpe@ive forces: and Cb5 D
cannot be an cxtrados of equilibration to
AVB. -
- When the cktrados'ahd‘intrados, of a
compofition of lubricous forces in cquilibrio
in the fame planc, arc paralle]l, they muft
be right lines; as the direction of each of
the forces muft form the fame ang}c with
a horizontal line: no arch of cquilibration;
thercfore, can have 1ts 1ntrados and extrados
parallel. |
From thxs fc&xon 1t wﬂl be feen, that the
extradofles of cqulhbratxon, of c1rcu1ar, clhp-
tlcal and cycloxdal archcs, are the moft con-
venient forms for the cxtradoﬁ'es of bndgcs :
-and thus naturc, ni thlS 1nﬁa,ncc, has not been
{o muc'h at vanancc w1th herfelf, ‘as by her
laws to prcfcnbc a form’to}the cxtrados of a
:‘,pcrfc& ':‘,'rch “f‘,jhlch is Wl“llolly mapphcablc;
:‘to the ufes of mankind. e
As the dxrcé"cll;ons’of: hc’partsijor any curvc_‘

{fon s Mcchamcs;
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with the abfcifla of the curve, as they are
diftant from the vertex, confequently the ex-
trados and inirados of the hyperbolic arch
cannot approach each other; nor can thofe
of the parabolic keep always at the fame
diftance: but all curves, compofed of Liomo-
gencous materials, muft be thicker at their
cextremities than at the vertices, to be in
equilibration.

Thefe refults are in oppofition to thofc of
Dr. Hutton; but the methods, by the refo-
lution of forces, adopted here, are the fame
as-in that work : the diffcrcnc‘c arifes in the
aPPhcatlon. - . SN |

It 1s mamfeﬂ: that whatcvcr weight. be
ﬁp]accd ‘upon an arch will have a vertical
dlreéhon, un]cfé artlﬁ.mally arranged and it
is alfo mamfcﬁ _‘thav:’f':'th‘:"’li';v lirection of cvcry:
'part of an arch cxcept,ﬂ- __:,'at at thc vcrtex, 1s
oblique, - A wcxght' a&mg vcrtxcal]y on a
'-body';rollmfr dow aﬁ 1nc]med planc, ui”'
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prefles its action in the dire@tion of the plana:
the fame laws apply to the voufloirs of an
arch. The obje& of inquiry, in our endea-
vours to obtain an arch of equilibration, is
the abfolute weight of each voufloir in its
oblique direction ; whether arifing from the
materials folcly of which the arch 1s com-
pofed, or partly from the weight incumbent:
and it is always to be kept in mind, that
when gravity is the fole a&ing power in a
compofition of lubricous forces, that an addi-
tional force ading vertically, and not deftroy-
ing' the cquilibration, cannot alter the direc-
tions of the parts; and confcqucntly, that
the - cthbratxon of an arch muft invariably
depend upon equable adions in the direGions
of 1ts vouﬁ'ou's Iti 1s, pcrhaps, not unnecef-
fary again. to repcat that the directions of the:
fvouﬂ‘oxrs ﬂlould be at nght anglcs to the tan-
gents of the rcfpc&xvc parts of thc 1ntrados of
thc arch whxch thcy occupy. | -
o In controvcrtmg the ptmcnplcs m thc workf
abovc alluded to, this. opportumty is taken of
faclmowlcdgmg the” mformatlon whxch has
;bccn dcrxvcd from 1t 5 and 1t 1s hopcd that;_;
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other branches of archite&ure, which are but
little' underitood, may alfo derive affiftance
from the extenfive mathematical knowledge
which its author poffeffes.

SECT IIL

OF THE CATENARIA.

'IN"iri’vcft'igating\' the properties of the cate-
naria, it is néc‘c'{Taljy 'to'_c'onﬁd_er t_he means by
which we acquire a knowledge of its form,
and other cxrcum{’canccs attcndmg tbat modc.
'of formatxon., | o

 Fig. 23.—1. Thc hnc A B 18 formcd:
from a chain compofcd of hnks connc&cd:t
togcther, havmg a frcc motnon in any dxrcc-:.
.'tlon at cach councxxon, but mf'cparablc

2. If onc. link i is at rcﬂ: thc who]e chamf,j
muﬁ: be at reft. If one link s in motxon,'}
thc wholc cham mui’c _vbc m motlon e
3. thn"‘?hc lxnk"‘.’"'}'"arc free to gravxtatc,j
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they endeavour to affume the longeft pof-
fible line.

4. The lines formed by a chain are either
ftraight or curved.

5. When the length of the chain DC 1s
equal to the fhorteft diftance between the
extremities, and 15 free to movc, the line
s vcrtxcal

6. \thn the length of the chaln exceeds
the fhortc{’c diftance between the extremities
of the chain formmg the curve, and the links
are free to move, the line A B, formed by the
chain, is a curve, and the Iongeft ‘which thc
hnks can thcn aﬁhmc and is callcd thc catc-—
pana i. - . M .‘ o ,> v
7 thn a chaln is frec to move at cvcry
-connexxon, and forms a curvc, a force a&s at
cach cxtrcmlty AB of the chain tormlng
.the catenaua, and thcrc only, and vshcn 1t
'forms a ﬂralght 11nc, a forcc a&s only at onc'
.cxtrcmxty Do ey
| 8 The hne 1s drawn through the poxnts of
V-COHDCAIOH, S e e
. No catcnana can bc an obhquc o_xf horx-
\“ZOntal ﬁralght""hne, asno compound_ﬂ"_lforccs
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can fvfpend a perfe@®ly flexible weight in a
ftraight line.

10. The catenaria 1s multilateral,* the line
from a to d thrbugh the link being a fide:
when the links are equal, and the line 1s
ftraight, the lines forming the catenaria are
equal.  When the links are equal, and the

catenaria is curved, the line neareft the centre
of the earth is the shorteft and horizontal,
that link lapping moft over the adjoining
links; and the lines increafe in length as they
arc diftant from that line, and thcy approach
nearer to vertical lines.  If the forces were at
an infinite diftance from thc fhortcft lmc, the
two lines neareft the forces would be vcrtlcal
and the longcﬁ | e R ,
11, Every fide is a tangcnt to thc curves
the dlrcé‘xon of each 11nk 1s a,t rxght angles to
thc tzmgcnt of thc curvc, or to thc ﬁdc made'
-by the link in the curvc._v o
o ora. Evcry link ads in a dlrcé’uon perpcndlv-f
"cular to the line 1t forms in the catenaria ; and
.‘whcn thc furn of thc_ang]cs, yvhlch thefc dl-._"

o The lmpropncty of calllng thc fame ﬁgurc both mul-.:
.;nlateral and a curve, 1s excufcd b a rcference to thc cnrclc '

,as a prccedent. EE
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rections form with a horizontal line, is equal
to 180 degrees, the abfcifla of that catenaria

muft be infinitely long.
13. “ All catcnarias are fi milar to one
“ another, fince they are generated by a like
¢ conftruétion of like figures fimilarly pofited.
‘ Whence tworight lines, alike inclined to the
“ horizon, drawn through the vertices of the
¢ chains, w1ll cut off fimilar figures and por-
“ tions of the chalns, which are proportional
“ to the right lines fo cuttlng them off.
14 « If the cham ACB is {ufpcndcd at
“ the pomts A and E, whxch are at unequal
« hcxghts, the part of the curve A CE con-
“ tinues the fame as if it had been fufpcndcdf
“at the pomts A and B, which are cqually
« hlgh becaufe a1t 1s all ‘one, - ‘whether the
« point E be fixed to the. planc or not.”—
I'Dr Davxd Grcgory, Phnl Tran{ 1697 |

Pt rnoposm‘on 1x

Fzg 24 "_.T>;‘,v,dcfcnbc a-::.,ﬂ,»_,‘atcnarna }*rom'ff
any pomtslaa‘ of aicurvc AB crc& anyf".‘
;-and draw thc(}'
”"'thch mtcr—f}

cqual vcrtlcal lmcs ae,
mdcﬁmtc horlzonal hnes e
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fc& at b, by the lines a b, a b, at right angles
to the tangents at thofe points. Make ¢ &
cqual to the line ¢ b, and conftruét the fimilar
triangles ¢ b d. |

Through d d draw the line required.*

Catenariz may be of as many forms as the
gravity and fhapes of the links in a chain may
be varied. * The catenaria formed by fimilar
and cqual links will be found from the cxrclc,

as in this propofition,

* However fimple this mode of conftruing the cate-
naria may be, the reader is referred to Dr, David Gregory’s
paper, which will fhow thc thought and labour neceffary
for fuch an mqmry Although the author had early rcafonf
to doubt thc univerfal _opinion, - that the propcrtncs of this.
line were excluﬁvely within the reach of the ‘higher ma-
thcm:mcs, this method i ncvcrthclefs thc rc{'ult of vaplous;z
and rcpcated attcmpt; e s R s

SEQT,
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SECT. 1V.

©F ABUTMENT PIERS OF EQUILIBRATION; OF BRIDGES OFP
MANY ARCHES; AND OF THE FLYING BUTTRESSES
OF CATHEDRALS,

PROPOSITION X.

Fig. 25.% BerLow the line E A B is {olid
imm'o'vab_lc rock : upon which it is required
to erect a femicircular arch, CV, &c, ftand-
ing on abutmcnt piers, whofe height 1s ¢qual
to CA from the line EA B, and the thick-
nefs of the arch at ‘the vertex 1s equal to V a;
fo that the arch and abutmcnt plCI‘S fhall

cquxhbratc in every part, |
‘Defcribe the extrados of cqulhbratlon ee a,

to thc arch CV (by Prop Vi, ﬁg 14)

* A pier is underﬂood tobe a body whlch has only a
wclght ina pcrpcnd:cular dlrcé'hon to fupport as a poft
or the mxddle fupports in- bndgcs whcrc thcrc arc many
archcs. : R B I PN T T

An abutment plCl‘ is fun erf’(ood to bc a body whlch both‘
:xeﬁ&s a forcc in‘a pcrpcndncular dlre&wn and in a lateral
vdlrcéhon ina bndge of one: arch'the plcrs are abutment_'
""Iﬂplcrs, or m a brndgc of many arches the cxtcrnal plers are.

o ProP',-yif’j
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Prop. ix. fig. 24. draw the catenaria # # q,
cutting the line E A Bin H. Draw the line
H F, which interfeét, in I; from I, as a
centre, with the radius I H, interfe& the
extrados of the arch of equilibration in K,
Draw KM and K H, and complete the pa-
rallelogram K H I M. |
VM L HK is half the arch and abut-
ment pier required: A N is the depth the
abutment pier muft be funk in the rock.
MLN i1s a filling-in to form the opening
AV B. The direion of the parts, between
M and V, converge to F; the remainder are
parallcl to K M. It is neceflary to obferve,
that the catenaria itfelf might be the extrados
of the arch; but then the dxrc&xon of the
parts muft be at right angleq to the. tandents
of thc mtrados of that catenaria.
Although thc part M CLN is of no
,abfolutc ufe n fupportmg ‘the arch, or in
;_»_vrcﬁﬁmg its thoot, ncvcrthclefs, in cafe any of
_thc 1ntcnﬁt1cs of thc parts bctwccn K and H
iﬂlould be dcﬁroyed by advcntltlous plrcum-‘
ﬁanccs, 1t wnll bc of 1mportant fervwc as q:
_rcﬁﬁcncc : N AU Ea .
2, It wnll appear by (thc;cx. eri nce of thc
S © o puildings,
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buildings, thewn in jfigures 26. 24. 29. and
30. that the joints of the mafonry in the
abutment piers may be horizontal, the cohe-
fion being a f{ubflitute for the oblique direc-

tion. ¥

By Prop. iv fig. 12. KM, em, a V, &c.
exprefs the force with which they are preved
by a body {liding down tuem, when ¢ m ex-
prefles thie adiion of the body in a horizosial,
direCion. Now the refiftence which i M,
e m, &c. can make to the body is mﬁnltc ad-
mitting that its (ubordinate parts.are incom-
preflible ; thercfore there can be no limit to
the weight which KM, em, V 4, &c. can
fuftain, that weight acting at right angles to
their directions : therefore, 1f the lubricity be
deftroyed, and the dirc&ions of "the forces re-
main the fame, the homogeneity of the ma-
terial i1s of no xmportancc Hence arife two
different modes of - obtammg the extrados of
an arch, which are the fame in the refult, (ad-

* A block of ftone will be at reft, lying on another
block at an angle of 35 degrees: if, therefore, the true
obliquity fhall be lefs than 35 degrees, the. Joints may ‘be
horizontal ; if more, then the joints muft havc an obllqmty, ‘
ora fubﬁntute equal to thc dlﬂ'erencc.

mlttmg
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mitting lubricity as a datum) although arifing
from different applications of the refolution of
. forces: the one 1s, as before defcribed, by
confidering K M, em, &c. expreflive of the
abfolute gravity; the other, by confidering
KM, em, &c. cXprefﬁvc of the preflure at
right angles thereto. In cither cafe the
modes of conftru@ion muft produce an equa-
ble a&tion ; but it is of theut moft import-
ance that we fhould confider the latter in
pra&iée as the true and juft method, and in
all cafes to be reforted to. By altering the
homogeneity of the parts according to the
firft method, that 1s, by making fome of the
voutloirs of lefs fpecific gravity, they would
confequently be protra@ed beyond the ex-
trados a k; and the arch will, neverthelefs;
equilibrate, but the lower protracted parts
muft neceflarily be unrefifted, and be broken
by the fuperior. On the contrary, if & m,
e m, &c. be confidered expreflive of the re-
fiftence it oppofes to the weight which it
fupports, the heterogeneity will not deftroy
the equipollence of the arch, unlefs the parts
are lubricous. This latter method will not
admit of apy variation in the extrados: the

one
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one can never apply in pradice, as no ma-
terials are lubricous; the other muft apply
invariably.

3. As the catenaria may be extended to
infinity, fo may the height of the areh and
abutment piers.  The greater the height of
the arch, the nearer will the line K H ap-
proximate to a perpendicular; and if the
height be infinite, C N continued fhall be
one fide of the abutment pier, and a line
parallel at an infinite diftance from C fhall
be the other. In no other cafe can a per-
pendicular line form the boundary line of an
abutment picr, contdlnlng the leaft poffible
matcrials.

‘4. If any part of the abutment pier KH
M L. were under water, that part would lofe
fo much of its wcight as might be equal
to its bulk of water, admlttmg that the
water prefled on the underfide.

There are expcnments in hydrof’catlcs to
prove, that bodies fpccxﬁcally heavier than
water may be made to fwxm, by takmg away
the fupcrmcumbcnt water ; confequcntly their
fpecific gravity, by 1mmcrﬁon, may be dimi-

mfhcd bcyond what rnay anfc from the whole
o | bcmg
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being immerfed, or the fame effect will be
produced.

It is alfo proved, that a body fpecifically
lighter than water may be made to fink,
or lic at the bottom of a veflel, by preventing
the watcr aéting on the underfide : its {pecific
vravity will thercfore be increafed, and this
diminution or augmentation of fpecific gra-
vity will be in proportion to the depth.

5. If K H, onec fide of an abutment pier,
be immerfed in water from P to H, it will
be prefled by the water PR H, and its fpecific
gravity will be increafed ; becaufe, if it were
to rife, befides the refiftence of its own gra-
vity, it would have to remove the water
P R H.—(Sce alfo the fides E , N 4, fig. 28.)

6. It the piers of the arch were built upon
ftilts, or on. ground through which water
exudes or gulls up, 1t 1s evident the fpecific
gravity would be_ d_ccrcaféd by the ‘water
prefling upon the under furface; but this
preflure could not have any effet on the

equilibration or duration of the arch, as 1t is
only an altive umform forcc mﬁcad of a
refifting force. |

7. In the crcéhon oF a brldgc of many

| archcs,'
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arches, 1t is advifable that each pier may
be confidered as an abytment pier; that is,
that it may be able to refift the thruft of half
an arch. If this be the cafe, if all the arches
are of the fame fize, onc centre will ferve for
the whole bridge.

Mr. Labely, in the erection of Weftminfter
bridge, from following this principle, made’
nine centres ferve for the fiftecen arches of
that bridge. He turned the thrée middle
arches firft; he then ordered f{ix centres for
the arches on the Weftminfter {ide, which
afterwards ferved for the arches on the Surry
fide.

- 8. Fzgmes 26. and 27, are fc&xons of Tri-
nity Church, Ely, and ng s Collegc Chapel,;

Lambndgc
The dottcd lmcs fhew how the abutment

piers ought to have becn conﬁru&cd accord-
ing to the forcgomg thcory to contain the
leaft quantity of matcnals, and fupport the
arch mdcpcndcnt of any thruﬁ from the
_roofs | o o |
9. Ii an’ abutmcnt plcr ﬂlould bc rcquxred
for any arch of any curvaturc, it will be
found by dcfcnbmg a catcnana thh the
L D | fcvcrall
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{cveral lines at right angles to the feveral
tangents of the curve; in the fame manner

as the catenaria z n# was found to the femi-

circle C V.

PROPOSITION XI.

Fig. 28. Given a river, of which A B 1s
half the width: it is propofed to build a
bridge over it of three arches; the middle
arch to rife the height A V, above its spring-
ing A E, and the upper part of it to be a
portion of a circle, whofe radius.is CV:
its thicknefs at the vertex to be VF, Below
the level G H is folid rock."

Required the form of the three arches,
the thicknefs of 'thc‘picrs, the depth the piers
fhould be funk in the rock, and thc extrados
of the bridge; fo that the who]c rnay be in
cthbrlo? ,

From C dcfcnbc the mdeﬁmtc c1rc]c V f
and ﬁnd by Prop x. ﬁg 25 thc ‘abutment
plcr f7r d, &c. to the arch Vf having a
given lateral refiftance at thc level A B from
thc ﬁdc arch Contmuc ks f to C mtcrfc&-‘
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ing A Bin X; from X defcribe the circle
JE, touching V fat £ V fE is the form
of the middle arch. |

Find by Prop. x. fiz. 25. the extrados and
‘abutment picr F 7278 to the arch V E.
With the radius X E defcribe the indefinite
arch N 4, touching the line z 7, whofe centre
R ¥ is in the line A B.

E N i1s the thicknefs of the pier.

By Prop. x. fig. 25. find the extrados and
abutmcnt""picrs’ my, rn, to the arch N 4,
having V F as the thicknefs at the vertex,
and _thc_lcv.cl G H as a lateral refiftance: the
line 9 r muft hcccﬁ’drily be a tangent to the
arch FE continued. Draw 1K, and the

pier is complctc. |
~ From B, on the line AB, fet off thc

.dxﬁancc BT cqual toR N: and from T, as a

‘ccntre, dc{'crxbe the 1ndcﬁmtc arch B & Find
thc ccntrc T of thc c1rclc thch thall touch

e R is found by drawmg a lmc parallel to %7, at a
dxfl:mcc X E, whlch will mterfc«‘l A B at that point. |

“+ This centre is found thus: Makc VS equal toT B,
:and draw thc line. ST wlnch bfc& in ¢ From ¢ drawv
1w at nght anglcs to S l, mtcxfc&mg AC continued.

Thc pomt of mterfc&xon is thc CCl)th rcqmrcd

' the
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the arch V f at V, and the arch B De-
feribe from it the arch V , touching the arch
B4 in %; and by Prop. x. fig. 25. find the
extrados of equilibration and abutment picr
FW oML to the arch Vay 4B, whofe
thicknefs at the vertex is VF, and having
a lateral refiftance at the level GH. F W is
the extrados of the bridge.

" From the centre of the arch V 2 draw the
line ¢ % through T, intcrfé&ing the arch 1n £.
Make N % cqual to B £; and from 5, through
R, draw 4 P, interfedting e 4 in P. From P,
as a centre, defcribe 4 £, touchmg the archcs'
N/ and Bk in 4 and 4.

"N #£B is the fide arch rcqulred The
bndgc 1S NOW completc |

By making EN an abutment pier,
cxthcr of the arches may be turncd and the
centre -ftruck; and one ccntrc will fervc for
the two arches, . . '

- There are other great advantagcs and con=-
veniences attached to this mode of conftruc-
tion; in rcfpcét to dammmg out the water,
conftruction of the centres, paﬁ"age of the
nvcr, &o. bcﬁdcs thc unportant conﬁdctatlons

‘B2 . that
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that the arches are independent of cach other,
and that the deftru@ion of onc arch will not
be followed by that of the whole bridge;. and

‘that thc .middle arch may be turned firft, by

which the ufual {cttlements in the fide arches
may be avoided.

2. The picr EN i1s too widc by « m, when
the bridge 1s complete, and every part has
taken 1ts proper bCaring; generally 1t will be
found, that the arch v »# y £ will be too flat
for the thicknefs V I at the vertex: the part
6 A = m 1s contrived to obviate that difficulty ;
and it does not deftroy the equilibration of
any part of the bridgc,_ and 1s found thus.
Let fall the perpéndicular lines = % and m g,
and find the point in the horizontal line
YZ drawn through # m, which fhall be a
centre to: thc arch §'n, touchmg V § and the
line = u,* and dcfcnbc the arch § 7. Set off

m Z cqual to Y 7;', and defcnbc the mdcﬁmtc‘

arch m . from Z as a ccntrc. | Fmd thc ccntre'

:b of an arch 'Whlch fhall touch thc archcs m v

| C{Cl'lbc 'f'hc arch v )\.

¢ foeond note I thisproplion: the canere s
found m thc fam m’anncr as ﬂlcwn therc. i e
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3. From the foregoing it will be feen how
imporfant 1t 1s, that-tif;h}c thicknefs V F fhould
be properly confidered; as from this the rela-
tion of the other parts of the bridge are deter-
mde
- 4. Thefe principles may be applied with
the fame eafc to the conic fe¢tions and mixed
curves, as to the circle, |

5. The whole or part of the middle arch
ﬁay be given, and the mode of conftru&ion
will remain the fame. -

When the number of archcs in a brldgc
exceed three, or in thc cafe of thrce arches,‘,
defcribe any curve or mixed curve which
may be beft -adapted to the defired form
of the extrados of the bndgc, having A V for
a fcmlcon)ugatc, and A B for a fcmxtranfvcrfc
axis: - the mlddlc arch bcmg glvcn, all the

othcrs vnll be found trom thc touchmg of
thc curvc V B R

PROPO:ITION xn LR

Pzg 29 (nvcn thc.» nﬁdcﬁ:‘of an abutmcnt;
plCI‘ and bow IMLF and thc mﬁdc of a.',_‘

_ pier
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pier and arch D CPB, whofe thicknefs at
vertex 15 B E: below KD is a folid foun-
dation. |

Required the extrados and abutment pier
I K, and the thicknefs of the pier D N?

Draw P L, being a tangent to both the
arches M I F and CB P, and the catenana
E R F H, (by Prop. ix. fig. 24.): the cate-
naria 1s interfected by P L, at R, and the arch
MLFatF., Draw F A and R G perpendi-
cular. Either AD or GD may be the width
of the pier DN. From D H fubtract the
thicknefs of the pier N D, and the remainder
will be the thicknefs of the abutment pier;
and the cxtrddos of the bow will be in pro-
portion to that '1butmcnt

By Prop. x. fig. 25. conftruét the extrados
and dbutmcnt pier b ¢ d to the arch Va W,
having a b as a thicknefs at the vertex, and 4
thc level of a fohd foundatlon
1. This figure is a fection .of Salifbury
cathcdral from Prxccs obfu’vatlons on that
buxldmg SRR

2. It appcars th'lt thc pxcr D’\I is madc-

quatc as an abutment plcr for the arch \Y W |



{ 55 )

and is juft adequate as a pier for the arch
B C; but the architect found that it was pru-
dent to widen it.—(See the fets off r and m.)
The following quotation is from Sir Chrif=
topher Wren’s furvey of that cathedral,
«“ Almoft all the cathedrals of the Gothic
““ form are weak and defedtive 1n the poife of
‘“ the vaults of the ifles: as for the vaults of
‘“ the nave, they are on both fides cqually
““ fupported, and propped up from {preading,
‘““ by the bowes or flying buttrefles, which
“ rife from the outward walls of the ifles,
“ But for the vaults of the ifles, they are
‘“ indeed fupported on the outfide by‘thc
‘“ buttrefles, but inwardly they have no other
““ {tay but the pillars themfelyves; which, as
“ they are ufually proportioned, if they ftood
‘ alone witheut the weight above, could not
“ refift the {preading of the ifles one minute,
‘“ True, indeed, the great load above of the
b wal]s, and Vaultmg of the nave, {hould feem
““ to confine the pxllars in their pcrpcndlcular
“ ﬁatxon, that therc fhould be no need of
“ buttment inward ; but experience hath
“ fhewn the contrary And thcrc 15 fcarcc,
| - “any
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“ any Gothic cathedral that I have feen, at
¢“ home or abroad, wherein I have 'not ob-
‘“ ferved the pillars to yield and bend inwards
“ from the weight of the vaults of the ifle.
“ But this defe¢t is moft confpicuous . upon
“ the angular pillars of the crofs; for there,
““not only the vault wants buttment, but
“ alfo the angular arches that reft upon that
“ pillar; and, therefore, both confpire to
‘ thruft 1t inwards, towards the centre of
““ the crofs.” |

3. From the foregoing 1t will be feen, that
cxperience contradiéts the theory which pro-
pofes height as a fubftitute for abutments;
as it is clear, however great the incumbent
weight may be, no advantage is gained, ex-
cept from the increafed cohefion,

If the author’s theory be true, the prin-
ciples upon which Dr.  Hutton propofes to
conftruét the abutment picrs, {o” that they
may be in equilibrio with the fhoot of their
archcs, are. incorreét : arches and their abut-
ment piers conﬁru&cd at.cordmg to the ex-
amplcs 1. and 2. (pages 63,64, and 63,
'ﬁ:cond cdmon of hls TrLatlfc of Bndgcs,)

- could
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could not ftand a moment; and further,
the thicknefs of the pierin the latter example
ought to be lefs than that in the firft,

In corollary the fecond of the fe&ion of
piers, in the fame work, there is the follow-
g conclufion: ¢ So that i this cafe it
““ makes no difference of whatever height
““ the pier 1s to the fpringing of the arch;
“ for though the dnft of the arch be in-
«« creafed with the length of the lever, or
« height of the piér, ‘the weight of the pier
<« itfelf, which ad&ts againtt 1t, 1s alfo increafed
““ in the fame proportion.” And again, in
the fubfequent fcholium: ¢ In the fore-
“ going propofition I have confidered cir-
¢ cular arches only, as it will make no
« difference of any confequence to fuppofe
¢¢ the arches of any other curve of the fame
“ fpan or pitch.” |

To the former quotatxon the author
bppofcs his own theory and the uniform
pratice in all abutmcnts, and in refpect
to the latter, the form of curvaturc muft
ncccifanly make a very important differ-
ence 1n the ﬁzc of thc abutments, as

that
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that fize 1s governed by the tangents of
the curve.*

The author would not have prefumed to
have obferved, as he has done, on the work
above mentioned, or to have contefted quef-
tions of fo much difficulty with fo eminent a
mathematician as Dr. Hutton, had the fub-
ject been folely theoretical ; but the difference
between them is upon the application of the
laws of mechanics to practice.

Fig. 30. 1s a feétion of Weltminfter abbey.
The catenaria g b ¢ 18 drawn to thew how
nearly the abutment piers correfpond with
the principles laid down in’the preceding
propofition. When there are double flying
bows, as on the fouth fide of the abbey, the
thicknefs of thc fecond piers may be found
by drawing other catenariz over the firft
bows, which will be 1nterfc&cd by the fe-
cond bows in a fimilar manner to the firft.

* The reader is referred to the Supplement to the third
edition of the Encyclopadla Britannica, article Arch; and
15 requefted to apply the obfervations gencrally upon arches,
and particularly upon ‘the common theory of cqulllbratlon
with that which is here fubm:ttcd

It
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It will be feen alfo, that on the contrary, if
the thicknefs of the piers be given, the fitua-
tion of the flying bows may be found. The
pillars A and B are evidently infufficient for
the arches of the fide ifles, and have been
found fo in the building,.

PLaTe 13. is a fe&tion of the Chapter
Houfe at Lincoln.* PrLaTEs 14. and 15, are
fections of Lincoln cathedral. The architeét
employed in the ere@ion of thefe buildings
has not followed implicitly the principles by
which the architeéts were governed who
crefted the other edifices of which fe&ions are
here given, The fituations and forms of the
flying bows of the cathedral are not the moft
advantageous, and the abutment piers are
fomewhat deficient in fubftance; the walls of
the nave have been confequently thruft out-
wards, and the vaultings ftill continue that

* Fig. 31. in this plate, is a drawing compofed of flone
vouffoirs, fufpended betveen the towers of Lincoln ¢athe-.
dral above the vaulting at the weft entrance of the nave.
The radius of this arch is about g1 feet. This arch is
given to fhew, that when the abutments are immoveable,
how extremely thin an arch may be at the vertex.

a&tion
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ation upon them. The buttrefles to the
Chapter Houfe, which are larger than necef-
fary had the {pringing of the bows been
lower, are thruft confiderably out of a per-
pendicular, and one of the bows muft be im-
mediately rebuilt. The author fuggefted to
an intelligent carpenter, who attended him,
the height in the abutment from which the
bow fhould {pring.*

The ambitious hopes of attaining ftill fur-
ther knowledge in the fcience of building,
evidéntly induced the artift who conftructed
thefe edifices to make the daring experiments
in vaulting, which are there thewn.  Upon
a reference to dates, 1t will be found, that
Sahfbury cathedral was ereted foon after
that at Lincoln: this circumftance, and the
analogy b'ct-wcén them, indicate, that to the

® The zkl‘uthor has dbfcrqu in his examination of build-
ings, but particularly in cathc_drals, that where irons have
been introduced as ties, that they are feldom fixed in the
moft advanmgcous fituations. . Asan inflance, the propoﬁ-
tion on ﬂymg buttrcﬂE:S will {hew, that the fpringing of an
arch, its tangent being a vertical line, is by no means the

proper pofition for a tie, when the thruft of the arch is too
great for the thxckncfs of thc abutment,

cchricncc
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experience gained in the conftrutlion of the

latter, the former 1s indebted for much of the
admiration 1t has occalioned.

PLATE 16. is a fe@ion of Ely cathedral.
PrLares 17. and 18. are fetions of Peter-
borough cathedral: the one 1s of the new
building at the east end, and appears, from
the ftyle of architeture, to have been ereéted
by the fame archite¢t who ere&ted King's
College Chapel, Cambridge. It 1s worthy of
remark, that the roof of Peterborough cathe-
dral is fimilar in principle to that defcribed
to be in the fauxbourg Saint Honoré at
Paris; ¥ which, although without tie-beams,
is ftated to have no lateral thruft on the
walls on which i1t refts. = It appears, how-
ever, that the archite&t here entertained a
different opinion, and builders in general will
doutl t.the pOﬁthﬂ

PraTer 19. 1s a {fe&tion of York cathedral
The vaulting over the nave 1s wood; but it
was the intention of the archite® that it

* See Montucla’s Recreations in Mathematlcs and Na-
tural Philofophy ; tranﬂatcd by Dr. Hutton

' fhould
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{hould be stone, as the parts of the flying
buttrefles, the ftone couflinets, and the fize of
the abutments, evidently thew : the vaultings
over the ifles are ftone.

THE END.

T, h}g‘:nn'e'y, Piinter; '
Bolt Court, Flcet Street, London.
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