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ADVERTISEMENT.

THIS work, commenced in 1839, and continued at intervals

which have probably exhausted the patience of many of the
. . .

Subscribers, is at length cOI?pleted,-the object at first con-

templated having been attained by a concentration oftalent

on this important branch oí science, and by the production,

it is hoped, oí a work on the ART OF BRIDGE BUILDING

which will. supply the vacant space in the library of the

Practical Engineer~

Since the time'~f.ij:utton, Attwood, &c., the Theory of the

Arch has been deepl,y'i:rivestigated in this and other countries;

and as the principIes ofQoulomb and others have caused such

investigationstóc~prpgress extensively, the production of a work
"., - - .

on this important~ubject, combining numerous. Theoretical and

Practical Examples down to the present period oí improvement,
in the art of construction, necess~rily requiredno inconsider-

able portion of time, labour, and expense.

The PRACTICAL TREATISE on BRIDGE BUILDING wiIl, it is

anticipated, together with the Specifications and the Paper on

FOUNDATIONS, supplyall 'that is desirable for,the Student in

the pursuit of his knowledge of the Art; while the great variety

of engraved specimens by which the work is illustrated, and the
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numerous exemplifications of comparative construction, to-

gether with the lucid and practica! description of them which

is appended, will prove interesting to the Engineering public,

-and thus compensate for the u~avoidabJe delay which has

occurred.

The Analytical List of Contents wiil guide the reader to the

several divisions of the work; and the General Index which

1 have supplied will be found useful for all the objects of

reference.

JOHN .WEALE.

59, HIGH HOLBORN,

FEB. 14, 1843.
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THEORY OF B R 1 D G E S.

THIS very important subject has exercised the talents

and ingenuity of some of the greatest mathematicians in
modern times, and many different solutions have been

given to the various problems connected with it; but, as

the . greater part of them are founded on suppositions
that have no existence whatever either in nature or

practióe, they have .had a tendency rather to mislead

than direct those who are engaged in the operations of
Bridge Building.

Since the time when Lord Bacon overthrew the ab-
surdities of Aristotle, and showed to the world that

experience was the only true guide to philosophy, it

might have been expected that theory and practice
would have gone hand in hand,-but this unfortunately

has not been the case; for we find that. their respective
advocates have been continually cavilling with each other.

lt is to be regretted, deeply regretted, that theoretical

and practical men should have always been thus op-
posed, and have looked upon each other's efforts rather
with contempt than admiralion, though. they seem evi-

dently to have beendesigned for each other's mutual aid;

B
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and nothingbut a deep-rooted prejúdice could_have

continued a system of opposition so destructive of the

best interests of society. Our illustrious countryman,

Dr. Olinthus Gregory, in the preface to his excellent

work on Mechanics, states with his usual elegance, that

"theoretical and practical men will most effectually pro-
mote their mutual interests, not by affecting to despise

each other, but by bleÍlding their efforts; and further,
that an essential service will be done to mechanical

science, byendeavouring to make all the scattered rays
of light they have separately thrown upon this region of
human knowledge converge to one point."

That a theory may be properly tested, too many'
facts cannot be collected, too many energies cannot be

exerted; for however beautiful may be the theory as far

as abstract science is concerned, and however legitimately

may the consequences flow from the premises, yet if

these premises are not in strict accordance with what

is known to take place in actual practice, such theory

must ultimately be abandoned, and give place to that
which is so founded as to agree with the results of

experience and observation. Gauthey, speaking of the
,

theory of La Rire, observes that such analytical re-
searches are unfortunately founded Oil hypotheses which

every day's .experience contradicts.
We shall in the first place give a brief :;tccount of the

principal writers Oil the equilibrium of the arch, with

some notice of their theories.

In 1691, the celebrated mathematicians, Leibnitz,

Huygens, James and John Bernoulli, solved the problem
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of the catenary .curve: it was Boon preceived that this
was precisely the curve that should be given to an arch,

the materials of which were infinitely small and of equal
~eight, in order that all its parts rnay be in equilibrium.

In ~hePhilosophical Transactions for the year 1697, it
appears that David Gregory first noticed this identity,

but his mode of argument, though sufficiently rigorous,
appears not to be so perspicuous as could be desired.

In one of the posthumous works of J ames Bernoulli,

two direct solutions of this problelll are given, founded
on the different modes of viewing the action of the
voussoirs :the first is clear, simple, and precise, and

easily leads to the equation of the curve, which he shows
to be the catenary inverted; the second requires a little

correction, which Cramer, the editor of his works, has
pointed out.

In 1695, La Hire,1 in his Treatise on Mechanics, laid

down frOID the theory of the wedge, the proportion
according to which the absolute weight oí the materials
of masonry ought to be increased from the key -stone

to the springing ina semicircular arch. The historian

of the Academy of Sciences relates in the volume for the

year 1704, that Parent determined 011the same prin-
cipIe, but only by points, the figure of the ~xtrados of

an arch, the intrados being a semicircle, and found the
force or thrust of a similar arch against the piers.

In the memoirs of the Academy oí Sciences íor the

year 1712, La Hire gave an investigation of the thrusts

1 MI'. Attwood has written a dissertation on the construction oí

arches on the same principIes as La Hire.
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in arches under a point oí view suggested by his own

experiments: he supposed that the arches, the piers

oí which had not solidity enough to resist the thrust,

split towards the haunches at an elevation of about 45
degrees above the springings or impost; he consequently
regarded the upper part of the arch as a wedge that tends

to separate or overturn the abutments, and determined,
on the theory of the wedge and the lever, the dimensions
which they ought to have ,to resist this single effort.

Couplet, in a memoir composed of two parts, the first

of which was printed in the volume of the Academy

for 1729, treats of the thrusts of arches and the thick-

ness of the voussoirs, by considering the materials
infinitely small, and capable of sliding over each other

.

without any'pressure or friction. But, as this hypo-
thesis is not exactly conformable to experiment, the
second part of the memoir, printed in the volume for

1730, resumes the question by supposing that the mate-

rials have not the power of sliding over each other, but

that they can raise themselves and separate by minute
rotatory motions. It cannot however be said that-
Couplet has added materially to the theories of La Hire

and Parent, and none of them treated the subject either
in theory or practice in such a satisfactory manner as

was afterwards done by Coulomb.
In a subsequent . volume there is a memoir by

Bouguer on the curve lines that are most proper for

the formation of the arches of domes. He considers
that there may be an infinite nmpber of curve lines
employed for this purpose, and points out the mode
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of selecting them. He lays it down uniformly that
the voussoirs have their surfaces infinitely smooth,
and establishes, on this hypothesis, the conditions of
equilibrium in each horizontal course of the dome, but.

has not given any method of investigating the thrusts
of arches of this kind, nor of the forces that act upon

the mason-work when the generating curve is subjected
to given conditions.

In 1770, Bossut gave investigations of arches of the

different kinds, in two memoirs, which were printed
among those of the Academy oí Sciences for the years

1774 and 1776: he appears to have been engaged in this
in consequence of some disputes concerning the dome of

the church of Sto Genevieve (recently the French Pan-
theon), begun by the celebrated architect Souffiot, and

iinished from his designs.

In 1772, Dr. Hutton, late Professor of Mathematics
in the Royal MiIitary Academy, W oolwich, published
his principIes of Bridges, in which he investigated the

forro of curves for the intrados of an arch, the extrados

being given, and viceversa. He set out by deveIoping

the properties of the equiIibrated polygon, which is

extremely useful in the equiIibrium of structures.

ON THE EQUILIBRATED POLYGON.

Any number n of bars 01'beams A B, B C, e D, &c.,

of given weights WI, W2' W37 &c. . . . . Wfi7and sup-

porting given weights W 1, W
2' W3' &c., at the re-

spective points B, C, D, &c., are freeIy moveable about



6 THEORY OF

each other in. the same vertical plane A B C D, &c., by

means of joints at those points, and are supported at

the extremities of the first and last, and acted on by

gravity. It is required to investigate expressions for
determining their respective positions, when in a: state

of equilibrium.
Considering the two bars AB and B C as fixed at their

extremities A and C, their positions are determined as
they can form but c.

:;:~r:::~~t~~ //--_//~-
~:',

side A C. But ":Y' A -~ "'c
y

supposing the three bars A B, B C, and C D, as sup-

ported at A and D, their positions become indeter-
minate, that is, they are moveable about those points,

and an equation is necessary to find their respective
positiQns when in a state of equilibrium. We shall,

in the first place, take the three bars A B, B C, and
CD.

Produce C B, C D, &c., to meet the horizontal line

X A Y at B/, C/, &c., draw B K perpendicular to this
line, and let B A Y, the elevation of A B to the horizon
- el, B BI Y; that of B C == e2; C CIY, theelevation

of C D -- e3' &c.

Suppose the weight W1 to be fixed to the end of AB,

and let the vertical pressure acting at B upon A B in

direction B K, and upon B C in direction K B == p, the
lateral force acting at B upon A B in direction K A, and

upon B C in direction A K, being equal to that acting at

e upon B C in direction K A ==f.
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Then the forces p and f united with gravity having no
effect to turn AB about A, we have the equation

(~l + Wl) COSo81 +p COS.81-fsin. 81==0,

.'. wl +Wl+p-ftan. 81==0.
2

And since the tendency of the same forces at B, com-
bined with gravity, to turn BC about the joint C, is

destroyed in the position of equilibrium, we have also

W2
f

.
O- coso 82- P coso 82+ sm.82== ,

2

.'. w2
-p+ f tan. 82 ==0.2

To this equation add the former, and we have

Wl +w2
+ W 1- f (tan. 81 -tan. 82) == O,2

. . . f ==
!(Wl +(2) + W l.

- tan. 81 -tan. 82

Now since the centre of gravity of BC is at rest, the
lateral forces at B and C in opposite directions must be
equal

. . . f ==
! (Wl +(2) + W 1

==
! (W2+Wg) + W 2 . . . .

tan. 81-tan. 82 tan. 82-tan. 8g

- ! (Wn-l+ Wn)+ W n-l
tan. 8n-I-tan. 8n

consequently

tan. 81 -tan~ 82 == ¡(Wl tW2 +W1) .

(F)

(1)

tan. 82 -tan. 83==
}

(W2 tW3 + w 2) (2)
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tan. eg-tan. e4==j(W3;W4 + W3) . (3)

&c. &c. &c. &c.

and tan. en-I-tan. en==j(Wn-,-l: Wn + Wn-l)' . .. (n-l)

By means of these n - 1 equations involving n + 1

unknown quantities, viz., tan. el, tan. e2 . . . tan. en

and f, the positions of any number of bars may be

obtained so as to render them in a state of equili-
brium, having previously given two more data, viz., the
positions of any two of them: thus ,suppose ep and eq the

elevations of the p~h and qth bars to be given, then if
we begin at equation (p), and add all the equations up to

the (q-l )th we have

t e - t e _1 {( + )- wp+Wqano pan. q-¡ Wp Wp+l" .Wq
2

. + (Wp+Wp+l . . . +Wq-l)}'

... f==
(wp+wP+l'.Wq)-!(wp+Wq) + (Wp+ Wp+I"Wq-I)*.

tan. ep-tan. eq

If in equation (F) we suppose the weights of the bars

==0, we have

W1 - W2
- . ,

tan. el-tan. e2 tan.e2-tan.eg

.'. Wl : W2 :: tan. el-tan. e2 : tan. e2-tan. eg.

Hence the weights W l' W 2, &c., are as the difference

of the tangents of the angles which the bars make

with the horizon, the same as the proportion of the

* For the equilibrium of any number of bars without weights, an
investigation similar to the above has been given by that able mathe-

matician, Mr. W oolhouse, in the N ewcastle Magazine.
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weights on the funicular polygon. See Dr. Gregory's

Mechanics, page 134; Whewell's Mechanics, page 34.

IfW1,W2,&C.=ü;then .-!(Wl+W2)
=

-!(W2+Wg) .
tan. Bl-tan. B2 tan.B2-tan.Bg

When the weights of the bars are also equal, we have

tan.Bl -tan.B2 =tan.B2 -tan.B3, &c.. .=tan. Bn-l-tan.Bn.

Since the weights on the several joints are as the dif-

. ference of the tangents of the angles of elevation, when
these bars are indefinitely dim,inished, or the polygon
becomes the curve of equilibration, we have ultimately

the weight on any' point proportional to the tangent of

inclinatiol1 to the horizon.1

1 Or this may be shownfrom the principIes of Coulomb, Mem.

Preso &c., tomo vii.: he there shows that if an arch rest in equilibrium

on a base mn, it is necessary that the resultant of the two acting

forces, viz., the horizontal force acting at AB, and the weight of the

part A mn B acting vertically, shall be perpendicular to mn, and that

it shall not fall without mn. Should the first. condition be wanting,

the arch will yield by sliding along mn; and if the second be wanting,
it will have a rotatory motion about that extremity towards which the

resultant falis.

Let W be th~ weight of the
portion A mn B, F the horizon-

tal force on AB, L the inclina-

tion of the joint mn to the
vertical; then if the weight of

the part A mn B be represented
by the verticalline pr, and the

force F by the horizontal line
pq, which meet in p, we have,

since the resultant p8 is per-

pendicular to mn, the triangles psq and mon similar;

A

lB

(n
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From this property we may immediately derive one of

the most useful cases of equilibration, viz. The extrados

being a horizontalline, it is required to determine the intra-

dos, on the supposition that the equilibrium is maintained
by vertical pressures on the voussoirs. Let C be the origin

'Of co-ordinates, CH==x, HF==y, CE==a; CD==et, AD==¡g,
¿ the inclination of the tangent to the horizon, and
draw H/F' indeiinitely near to HF. Now if we suppose
the whole mass to act perpendicularly on the voussoirs,
the differential of the weight of the column may be

represented by HF. HH' ==ydx, and since
dy

==tang. oí
dx

inclination, we have from the above f y d x == e
dy
dx

or ydx == c. d.
dy ; e being a constant quantity, which
dx

wiU be determined afterwards: B HH

. . . y dx2 = e d2y.

Multiplying by d y, and inte-
grating, we have

'A
. t (y2+ const.) d:rP =t e dy2

e

E

])

.' . pr : rs (pq) : : mo : on
W : F : : sin. t : coso t : : tan. t : 1,

.'. W =F. tan. t, consequel).tly W varies a~ tan. /., since the
horizontal force is constant.

Also since mn is a normal, and tan. t=d Y, we have
dx

W=F.dy orWdx=Fdy,
dx

an equation to the catenary.
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d 2

or e (-1) = y2 + const.
dx

But when y = a, dy vanishes,
dx

.'. the correct integral is e (~~)2 =y2-a2

. dy ,v y2-a2 - dy. . -
d

- = ,v- , or dx= ,vc :; ;,x e vy2-a

the correct integral of which, Hall's Diff. and Int. Cal-
culus, page 313, is

x = ,ve . (hyp. log. Y+ v~2 - a2 )

.'. ~ =hyp. log. y+ vy2-a2.
ve . a

If e be the hyperbolic base, we have
x

-Vc
-

y + v y2~ a2
e

a
x

-VC ./a
. y- v y2-a2.e

y + ,v y2 - a2 = a

By addition we have
x

-VC
e + e

x--
-VC

- -2Y
a

x

( -VC
y== ~

e + e

Differentiating,

x

-VC).

x x

~~ = 2 ~ e (e
~ C

e
-

-Ve),
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which shows that the curve lS convex towards the

axis of x.

To find the constant e, we must observe that when "

F comes to A, y=CD=et, and x==AD==/3,

.'. f3== .v~ hyp. log. et+ .vet2- a2

a .

- et+ vet2-a2 .
01' .ve==/3-+hyp.log. . .

a
Hence by substitution we have

.

.

Y+ .vy2 a2 + .v 2 a2
x==f3.hyp.10g. -: hyp. log. et .et - .

a . a
. AIso, from the above, another property mayobe derived,

on which Dr. Hutton bases ~any
-
of his calculations.

If p == radius of curvature, then weh~ve..
. .

dZ3
.

.
P == d d2

.

d d2 '
WhlCh becomes,

y x- x y

if we suppose x to be the independent variable,
dZ3

p ==
dxd2y'

since the curve is convex to the axis of x,

'and ed. dy== Y dx
dx

. d2y
- Y. .~---,

dx e
/ d2

but dz == .v dx2+dy2 == dx.v 1 +1 ;dx2

hence by substitution

e ( 1 +
dy2

) t
dx2

p== y
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but ~JL == tan. ¿,
. dx,

. e sec.3¿.. p;==

.
y

Consequently the radius of curvature is proportional to

sec.3¿ directly, and HF inversely, or HF is as sec.3¿

directly, and the radius of curvature inversely, e being

constant.

At the vertexE of any. curve the inclination is nothing ;

therefore seco ¿ = 1, and if the radius of curvature there
be represented by p', the general expression for the height

becomes a:= ~ Or e = a p', which is the general value of .

. P
~

e for any curve, in terms of the height of the crown and
radius of curvature ~t tlu~t point: this substituted in the

general expression, we have
,

I .
HF = ~ sec.3 ¿=ap . sec.3¿.. .

P P
.' . I

If the arc be the segment of a circle, then e...= f. = 1,. p p
.

.'. HF = asec.3¿.

.~his...may .be very simply calculated by logarithms,

10g..HF==log. a+3 log. seco ¿. Or 11

we may give a geometrical construc-
tion as follows :

Draw the verticalline FS cutting
the horizontal diameter in S, draw
ST perpendicular to the radius DF,

draw the horizontalline Tz, cutting (1,
T

the vertical in z, join Dz. Make . ~. Fu == CE, and draw u x parallel to -1. s
~D

e
.E

k
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zD; then FH must be equal to Fx, and by similar tri-

angles,

FS2
FD : FS : : FS : FT =

FD'

FS4 FS3FS : FT : : FT : Fz =
FD2 . FS = FIY'

CE . FH . . Fu . Fx ... Fz . FD . . FS3.
FD . . FS3.. .. .

"
. ..

FD2' .. .

FD3 : : Dk3 : DE3.*

The curve CHP runs up to an infinite height above

the spring of the arch, and this must evidently be the

case with every curve that springs at right angles to the
horizontalline.

From the above it appears, that a semicircular arch

cannot be P\l.t in equilibrio by building upon it, whatever

may be its span 01' thickness at the crown; since the

curve CHP runs up indefinitely, having AB for its
assymptote; and therefore, according to the principIes

of equilibration, it is not adapted for a bridge which

requires an outline nearly horizontal, except for about
30 01'40 degrees on each side of the vertex C.

From the general expression HF==~ sec.3¿, and the
p ,

equation of the curve, we may find either the extrados 01'

intrados, whichever may be the given curve.

The celebrated experimentalphilosopher Coulomb,

* Dr. Gregory's "Mechanics," arto Arches.
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to whom practical science is so deeply indebted, seems

to have been the first who treated this important subject

in a manner conformable to experiment and observation :

he considers the equilibiium of arches successively on
the hypothesis of joints perfectly polished, and on that

where the friction of mortars or cements is taken into
consideration. In the first place, he takes the part

AB nm of the half arch ABCD
. .

as a body supported on an inclined
plane, and gives, having respect to

the effects of friction and cohesion, o I
the limits between which the force J:> H

F acting horizontally at some point in the joint AB must

fall, so that the arch may be prevented from sliding

along the joint m n, either downwards in direction m n,

or upwards in direction nm, or by rotation inwards
round the point n, of the joint m n, or outwards round.
the point m. The general expression for F being deter-

mined, he finds the maximum value of it, which will
prevent the arch from sliding in direction m n, and the
minimum value, which will cause it to slide in the oppo-

site direction n m: he then observes that the limit of F,

or the force which will be just sufficient to preserve the
-equilibrium, must be greater than the maximum and

less than the minimum values so obtained.
He then considers what the conditions' ofequilibrium

must be, so that rotation cannot take place either round

m or n, and finds in a similar way the maximum value
of F, which will prevent rotation round the pointn, and

the minimum value that will cause it to move round m,

F
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and shows that to maintain the equilibrium the force

must be greater than the maximum and less than the
nlllllmum.

From tbis we have two superior and two inferior
limits obtained for the forceF, between which it must

be found, so that the arch cannot slide either in the
direction m n 01' n m, nor yet revolve round either of

the points m 01'n. Gauthey, speaking of the analysis of
Coulomb, observes that it leaves nothing wanting to

make it coincide with that to which we are conducted

by the latest experiments on the strength of arches.
That distinguished individual, the Rev. H. Moseley,

Professor of Natural Philosophy in King's College, Lon-
don, has, in two excellent papers in the Transactions of

the Cambridge Philosophical Society, developed with
great ability a theory for the equilibrium of the arch, on
principIes somewhat different from thos~ of Coulomb,

and has deduced expressions which accord, not only with

a great many experiments made by himself, but also with
those of Gauthey and Professor ~obison. As this
learned gentleman has kindly consented to give us some

account of this theory, which appears to include that

of Coulomb, we shall, for the present, defer entering

into his views on this subject, considering that he will
be better able to explain them, himself; but we may
observe, that it is our intention, in this work, to enter

fully into the merits of both, and give as clear an ex-

position of each as we possibly can., Professor Mose-

ley's Papel' wiU be found in a future portion of this
work.
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We have, in the preceding pages, given a general

outline of the celebrated theory of equilibration, which

has long been considered by many eminent writers as
one of the most delicate researches in applied mathe-
matics, and indeed it seems to be almost too delicate

for practical purposes, being based on suppositions
which cannot hold good in practice; neither is the
equilibrium sufficiently stable except under certain cir-
cumstances; and to ensure the stability of this equili-
brium some writers have shown that the vertical line

through the centre of gravity of the part mnNM should
fall within the parallelogram abed, formed by perpen-

dieulars drawn at the extremities of the lines MN, mn,
for otherwise the resultant of the two
forees, viz., the weight of the part
mnNM, and the horizontal thrust,

would fall without nm where the arch,
~

rests, and from no point of that lo

vertical could there be drawn two perpendieulars, the

one to mn and the other to MN, so as to fall within

both; consequently the part mnNM could not be sus-

tained by those two joints or supports.

At the extreme point e, if the vertical line ee should
pass through the centre of gravity, it is evident that
from no other point in this line except e could there
be drawn two perpendiculars, one to mn, and the other
to MN; for if from any point el below e, l mI be drawn,
the point rrí will fall on nm produeed, and if froID any

point e in this line above e, ef be drawn, it will fall in
MN produced; e is therefore the utmost limit from

e

11:
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which the vertical line passing through the centre of

gravity can be drawn for the equilibrium to have place,

and it is clear that this is but a very unstable equili-

brium, for the slightest force would derange it by

throwing the verticalline beyond the required limits.

We shall now give a few examples to show how the

extrados may be determined when the intrados is the
glven curve.

The intrados being a Parabola, required the extrados.

Let E be the origin, EG==x, FG==y, then

(m+4x}t '1FT
p==- and p =="2m and seco ¿== ~

2vm FG

p and p' being the radii of curvature

at F andE as before, and smce
y2 == m x, and GT == 2 x, we have

seco ¿ == v cm ~
4 X); andby page 13,

I 1 ')
1

4
3

HF==
a P sec.3¿==a"2 m. .:..Jm'i: . (m+ xP.

== a.
P (m+4x}~ m%

Hence it follows that the extrados is also a parabola

equal to the intrados, and every where vertically equi-

distant from it.

To find the thickness over any point of an Elliptic

arch.

Retaining the same notation for X, y, and a, let the

seml-aXlS major == b, the semi-axis minor == e, and
F O==h.
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FO he2 4h3
seco ¿==

GO == b2(e-x)'
p== m2' A

\~DE2: AD2 : : DG : O,G

b2
e2 : b2 : : e - X : 2 (c- x) == O G

e

\\.
D JJ

(1

2b2
m being the parameter to DE == -.e

c2 h3 /
b2

". p== - also p ==-b4 e

a / ab4 b2 e6h3 ae3
HF == -.L sec.3¿ == 2h3

. - .
b6( )3 == ( )3'P e e e-x e-x

For the Cyeloid.

Let 2 r be the diameter of the generating cif(~le, then

in this curve the following
properties obtain, viz., the
tangent FT is parallel to the
corresponding chord El, or

the angle TFG== the angle
EIG, also the radius of cur-

vature
.

at F is parallel to
the supplemental chord ID, and equal to twice that
chord, or p==2ID,

EI== v2rx, Gl== v2rx-x2, DI==v4r2-2rx,
and therefore

p=2 v 4r2-2rx, and l=2DE=4r

El ( 2rx ) ( 2r )also seco ¿
== -O {== v 2rx-x2 ==v 2r-x
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3

. HF
apl

3 a . 4r (2r)'I. . =: - seco ¿=: .
. p 2 V (4r2-2rx) (2r-xY~

which by reduction. becomes
4ar2 .

(2r-x)2

It may here be observed that in both the ellipse and
the cycloid, the extrados is analogous to that of the

circle, but somewhat flatter, and by computing values

for FH the extrados is easily -constructed by points. .

We have throughout the whole of these articles con-

sidered the curve of equilibration to coincide exactly
with the intrados, but this does not appear to be the

most advantageous position for it to have. Dr. Thomas
y oung, in one of the ablest written articles which has

appeared on this subject (see Napier's edition of the

Encyclopredia Britannica), observes that "when the

curve of equilibrium touches the intrados of an arch

of any kind, the compression . at the surface must be

at least four times as great as if it remained at the
middle of the arch-stones." This perhaps might be

100 high to fix its position when the bridge is con-
structed, since it is always found that arches settle

either more' 01' less after the centering is struck: the
settlement then would throw the curve of equilibration

above the middle of the arch-stones at the crown, but
no allowance can be made for this, as it cannot be

determined a priori what any arch will settle. If

this curve coincides with the intrados, at the crown,
before the centering is struck, it will undoubtedly after-

wards take its place within the arch-stones, which is a
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more advantageous position, so far as strength or
durability of the arch is Goncerned.

We shall now proceed to take a different view of this

subject, and to show the conditions of equilibrium that

must exist, in order that the arch may be so tied up
that the voussoirs can neither slide upwards nor down-
wards, nor yet turn round either the upper or lower
edges of their joints. This method of establishing the

equilibrium of the arch has not been considered by any

English writer till very lately, and even on the Con-
tinent, the place of its birth, it has not till within late

years met with that attention which it so highly merits.

The theory oí Coulomb, which proceeds on this prin-

cipIe, has scarcely ever been noticed in this country;
nay, the only English works we are acquainted with
that inform us that Coulomb had at all written on the
theory of arches are Cresswell's Venturoli, Dr. Gregory's

edition of Dr. Hutton's course, and some of the writings

oí Professor Moseley.

On the equilibrium of anassemblage of voussoirs.

1. Let ABNM represent part of an arch, inclining at
AB against a fixed plane, and supported at the other

extremity by a force which is usually denominated the

horizontal thrust. The form of this part of the arch is
given by the curves of intrados and extrados, and the

direction of the planes of the joints.

N ow if we consider this part oí the arch to be formed
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by placing voussoirs successively upon each other, be-

ginning at the fixed plane AB, it

is clear that the first voussoirs

placed against this plane would be
supported merely by the effects of H

friction, and would continue to be .¡;

so supported until the inclination of the joints be-

carne so great as to cause them to slide; 1 it wiU then
be necessary to apply to the joint MN of the last

voussoir a force F, whose vertical and horizontal com-

ponents may be represented by P and Q. This force
ought to be sufficient to prevent the voussoirs froID
sliding downwards on the planes of the joints, and also

to prevent them froID turning on their lower edges;
but it ought not to be so great as to cause the voussoirs

to slide upwards on the joints, or to ,produce a rotary

motion round their upper edges. We therefore see

1 Mr. George Rennie, in a valuable paper in the Philosophical

Transactions for 1829, states that "the granite voussoirs of the

arches of the New London Bridge, having their beds well faced

and dressed without mortar, generally commence sliding at angles

from 33° to 34°. But with a bed of fresh and finely ground mortar
interposed, the pressure on the centering commences at angles of

from 25° to 26°. In other cases of arches, where sand-stones, such

as Bramley Fall and Whitby, were employed, and their beds faced
and dressed as usual, the angle of sliding was found to vary from

35° to 36°. But with mortar interposed, the angle generally varied
from 33° to 34°.

"It results from these and other experiments that friction, by
absorbing part of the horizontal thrust, is a most powerful assistant

in maintaining the equilibrium of arches, and enables us to determine

with something like precision the allowances due to theory."
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generally that taking any joint mn whatever, the system
Qf forces applied to the arch ABIVIN comprised in the

components P and Q applied at the upper joint of the

last voussoir, ought to be such that the action of the
forces applied to the upper part mnNM cannot cause

that part to slide on the plane of the joint mn, nor
yet turn round either of the edges rn or n.

Let x and y be the horizontal and vertical co-ordinates

oí the point m.

x', y', those of the point n.

e the angle which the joint mn forms with the ver-
tical.

z, the length of the joint mn.

a, b, the co-ordinates of the point M of thecurve of
intrados.

a', b', the co-ordinates of the point N of thecurve of
extra do s .

W, w, the vertical and horizontal components resulting

from the weight of the portion mnNM of the arch.
a, {3,the co-ordinates of the point e, where the com;

ponents W and w act.
j, the coefficient of friction, which is supposed to be

proportional to the pressure.

r, the cohesive force of a unit of surface of the joint
to prevent sliding.

R, the cohesive force of a unit of surface, which tends

to prevent rotation.
T, the pressure in direction perpendicular to the joint

rnn.
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2. To investigate the coIíditions relative to sliding

on the joint mn, the force which tends to make the

portion of the arch MmnN slide in the direction
nm, lS

(P+ W) coso O

and the force which opposes this sliding is

(Q+oo) sin. O+f (P+ W) sin. O+f (Q+oo) cosoO+rz.

N ow, that sliding may not take place in the direction

nm, the latter must be greater than the former, or

P (l-ftan. O)-Q (f+tan. O)< -:W (l-ftan. O)

+00 (f+ tan. O)+ rz .
cosoO

AIso the force which tends to make the sarne portion

slide in the opposite direction mn is

(Q+oo) sin. O

and the force which opposes this sliding is

(P+ W) cosoO+f(P+ W) sin. O+f(Q+oo) cosoO+rz.

Hence, that the sliding may not take place in the direc-

tion mn, we must have

- P (l +f tan. O)+ Q (tan. 0- f) < W (l +f tan. O)

rz- 00 (tan. O-f) + .
cosoO

3. W.e must now proceed to establish the conditions

that rotation may not take place round either of the

points m or n.

Let us suppose, in the first place, that the portion

of the arch mnNM tends to turn from the top to the
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bottom on the edge or arris m, and that the force whose
resultants are P and Q is applied at the point N, where

it will have the least tendency to produce rotation round

the edge m.

The moment of the forces which tend to make mnNM

turn round m is

P (a'-x) + W (a-x)

and the moment of the forces which oppose this rota-
tion is

Q (b'- y) +w ((3-y);

but ií we take into account the resistance from cohesion,

we may adopt the theory oí Mariotte and Leibnitz, viz.,

that the resistance to rupture which cohesion exerts
at different points oí the joint between m and n, will

be proportional to the distances of those points from m.
Let an element of the joint mn be represented by

dv, and v its distance from the point m, the cohesion

of this element will be Rdv,and the resistance exerted

by this cohesion is R vdv, the moment oí this resistance
z

round the point m will be RV2dv; its integral taken be-
z

tween the limits of v=o, and v=z, or as it is usually
expressed,

,ZR
Jo -v2dv=!Rz2,

z

the moment from cohesion; hence the above becomes,

taking into account the effects oí cohesion,

Q (b'- y) + w ((3- y) +! RZ2 ;
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therefore, in order that rotation may not take place

round the point m, we must have

p (a -x) -Q (b'-y) < - W (a-x) +w ((3-y) +tRz2.

Now, in the next place, if we consider the portion

mnNM tends to turn on the edge n, and that the

force whose resultants are P and Q is applied at M,'

where it. will have the least tendency to produce this
rotation; then the moment of the forces which tend
to produce this motion is

Q (b-y') + w ((3_y')

also the moment of the forces which oppose this
motion is

P (a-x') + W (,,-x') + i RZ2.

Therefore, in order that this rotation may not take place,

we must have

-P (a-x') + Q (b- y') < W (,,- x') - w((3- y') +t RZ2

The equilibrium of the portion mnNM requires, besides
the condition mentioned in the last article, that the
components P and Q should be such that these last
conditions will also be satisfied for any joint mn.

. Conversely, when the preceding conditions are satis-
fied for all the joints, the arch wiU necessarily remain

in equilibrium.
4. The pressure in direction perpendicular to the

joint mn, is

T== (P+ W) sin. e+ (Q+w) coso e.

5. If in the precedihg conditions relative to sliding

we suppose the resistance from friction and cohesion

to be nothing, we have, for ,a strict equilibrium,
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P - Q tan, e= - w + w tan, e

.'. tan, e_~+W,
+w

which shows that the resultant of the forces applied
to the portion of the arch mnNM must be perpen-

dicular to the joint mn.

6. AIso the conditions relative to rotation become,

when the friction and cohesion are not taken into
account,

PW-~-Q~-~<-W~-~+w~-~
- P (a-'-xl) + Q (b-y') < W (u- x') + w ((3- y')

which show that the resultant of the forces applied to
mnNM must fall between the points m and n.

7. By the preceding we 'see that in order that there
may be an equilibrium of a system of voussoirs, it is

necessary that the components P and Q should satisfy

four inequalities, which are to be verified for all

the joints of the arch. Hence there exists certain
limits between which the values of P and' Q must be

found. If these conditions do not contradict each

other, and if the values of the components P and Q

be such as to satisfy them, the equilibrium can subsist
in the proposed system of voussoirs; and if we conceive

the last joint MN applied against a fixed plane as
the first joint A Bis, and the system submitted to

the action of forces which are applied to the voussoirs,

we may rest assured that motion will not ensue.



8. The plate bande has its extrados and intrados, two

parallel straightlines, and differs from all other arches,
inasmuch as the joints are not perpendicular to the

intrados.

Let ABMN represent half the plate bande, AM==a,

the thickness M N == t; the B N

inclination of the extreme

joint A B with the vertical

== e', the weight of a unit of
mass == '11", and retaining the
same notation as in arto 1,

the area of the trapezoid

M mnN is equal the sum of

the areas of the rectangle
-- MN om and the triangle mno,

area of rectangle == (a- x) t

area of triangle == ! t2 tan. e

.'. the weight of the trapezoid =='11" {(a-x~ t + ! t2 tan.e}

Abstracting from the effects of friction and cohesion,

and making, in art. 5, P==O, H==O,

W =='11"{(a-x) t+ ! t2tan. e}; we have

t e - 271"(a-x) tano -
2 Q - 71"t2

which gives for the last joint AB
, 271"at

tan. e ==
2 Q 2

-71"t
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Plate Bande.
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hence Q- 7r(2at+ e tan. e')
- 2 tan. e'

tan. e a-x...
tan. e' = ¡;-.

This last equation shows that if the joints AB and mn

were produced, they would intersect the vertical in the
same point o; hence the condition of equilibrium es-
tablished in art. 5 will be satisfied if all the joints
produced shall pass through the same point.

9. The conditions of arto 6 become for the plate bande
where y=O, y'=t, b=O, b',=t, P=O, 00=0,

Q t > W (a-x),
-Q t < W (a-X'),

for any joint mn; but for the extreme joint AB we have

Q t > moment of trapezoid round A,
- Q t < moment of trapezoid round B.

The moment of the trapezoid round A is the difference -

of the moments of the triangle A B C, and the rectangle

ACNM,

moment of rectangle = -! a . 7r a t

. . . . . . triangle = t t . tan. e'. -!7r t2 tan. e'
... moment of trapezoid = -!7r a2 t - t 7rt3. tan.2 e'.

But the moment of the trapezoid round B is equal

to the sum of the moments of the triangle and rect-
angle.

Moment of rectangle = (! a + t . tan. 8') at7r
t

. } _2 /\"12 e'. . . . .. rIange - "3 t . tan. u .
"2 7r t . tan.

.'. moment of trapezoid round B is
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(t a+t . tan. ff) a t?T+ 13'iTt3, tan. 2f)'.

Hence the above conditions for the joint AB

Q t > t ?Ta2t -t ?Tt3.tan. 2ff,

-Q t < t ?Tat(a+2t . tan. ff) + 13?Tt3.tan, 2((.

The second inequality shows that the plate bande ABNM

cannot turn round the upper arris B, since whatever posi-

tive value be given to Q, this condition will be satisfied.
The first inequality shows that ABNM cannot turn

on the lower anis A, and it becomes, by substituting

for Q its value from art, 8,

at > t (a2 - t2) tan. e'- t t2 tan.3e'

The extreme limit for e' may be found by solving the

equation,

3e' 3 (a2-f ) e,+ 6a Otan. - f tan. T = .

If we take e'= 45°, then since tan. 45°= 1, the equation
becomes, if we make t= 1,

1- 3 (a2- 1) + 6a = O

this solved gives a= 1 + v i = 2'527,or the whole

span 5'054, which shows that the utmost limit to which

the span can be extended is about five times its thick-
ness; but that the equilibrium may be stable we. must

have a < 2'527, or the whole span < 5'054.
,

° h - e, 1
If e= 30 , t en tan, = --= and the equation be-

v3
comes

1 1

3 v3
-3 (a2-1).

v3 + 6a=O

which solved gives a=3'76, or the whole span 7'52;



here the utmost limit gives about seven and a-half times

the thickness for the extent of the span.

10. If a verticalline py be drawn through the centre of

gravity, and from p, pA be drawn, then if AB be drawn

perpendicular to pA, it will represent the extreme limit

for the inclination of the joint; for we can draw' from

no other point in the line py, except p, two lines, the
one perpendicular to MN, and the other to AB. Draw

any two lines, Ov and r.qz, one on each side of the ver-

tical through the centre of gravity; froID A produce

Ap to r., then the other perpendicular r.s will evidently
fall above -N; and
if froID the point q ~-
the line qt be drawn
parallel to A pr., it
wil1 fall below A, or
in B A produced,
and froID any other

point in the line qz

below q, the perpen-
dicular will fati still

farther belowA; also
froIDanypoint above
r in this line, theper-

pendicular will fall
farther above N;

, o
but, on the contrary, in the line O v, we can draw
froIDany point between O and Ap, perpendiculars to AB

and MN, such for instance as ab, be, de, ef, &c. From
ihis it follows that the equilibriuID will be stable if the
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centre of gravity should fall in any vertical line Ov,
within the triangle ABp; strict but easily deranged if

it fall in py; and should it fall in any vertical line be-

yond this as qz, the arch cannot stand independent of

friction and cohesion.

By art. 4 the pressure exercised perpendicularly on

any joint mn is

T==(P+ W) sin. O+(Q+ru) cosoO,
which becomes for the plate bande where P==O, ru==O

T== W sin. 0+ Q coso e,

and for the last joint AB, by substituting for W and Q

their values, viz., W ==7T'(at + i t2. tan. e') and

Q - 7T'(2at+t2. tan. 0')
- 2 tan. e'

we have

T== 7T'( a t +
t2

) .
sin. e' 2cos.o'

11. If the thickness of the plate bande be very small,

compared with the span; then for the utmost limit, the

equation at-i (a2- t2)tan. o'+tt2. tan.3e'==0 becomes,

neglecting the quantities that involve t2, which will be
very small,

at - i a2 tan. e'== O

I 2 t... tan. e ==-.
a

Therefore

Q
7T'at 1 2

==
tan. e'

== "27T'a ;

also the expression for the perpendicular pressure on

AB becomes

T-
7T'at

- sin. e'
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The following problem is taken froID Professor Mose..;

ley's "lllustrations of Science," page 211.

"TO FIND THE GREATEST HEIGRT OF THE PIERS, OF A

GIVEN WIDTR, WHICH WILL SUPPORT A STRAIGHT ARQR

OF GIVEN DIMENSIONS.

12. Let AIB be the straight arch to be supported,

and AK the given width oí the piers.
Divide A B. into two equal parts in e,: upon A e

describe a semicircle, and measure

. !:.

I

¡

'

off A D equal to A K, so as to cut
"-

l'g

the circumference oí this semicircle \::::-c?::::¡F
-o'\. :

in D: produce AD, and let it inter- 'iL
sect the vertical line through e in ! '>~-

t/
"

E: measure off EF equal to Al, //1"

andA G equal to AB: join DF, and P --=---{
¡

draw G H parallel to DF; then AH will be the extreme
height oí the pier. Being ofany less height, it will stand
firmly; being of any greater, it will be overthrown."

13. To establish the theory of arches, La Hire and other
geometers sypposed that they always break at points

equally distant from the key-stone and the springings,

and that the higher portion acts like a wedge against the
joints of rupture, and tends to separate the lower por-
tions; consequently, to obtain the thickness which the

piers or abutments must have in order to resist this

thrust, they endeavoured to find the pressure which is

exerted perpendicular at one of the joints of rupture

by making the moment with respect to the exterior edge
D



34 THEORY OF

of the base of the pier equa1 to the moment of the ha1f

arch and its pier with respect to the same edge, and

thus obtained an equation of equilibrium which gave the

thickness of the pier.

The experiments of Danisy, and afterwards those of

Boistard, have shown that arches may give way by
sliding as La Hire supposes, but that. the rupturemore

frequently occurs by means of rotation on the edges of
the joint of rupture.

They have also proved that the position of the inter-

mediate joints of rupture varies according as the force
exerted by one part of the arch. is greater than that

exerted by the other.
14. If the force exerted by the upper portion be greater,

that part tends to descend by means of the lower parts

giving way, and the arch will break, as shown in the figure,

that is to say, in five places, and
the four portions of the arch turn
round the edges b, d, a, d', b'; but
if on the contrary the force exerted

by the lower portions is the greater, ~
the arch breaks as shown in the
figure, page 58.

Arches, therefore, give way at the key-stone, at the
springings, and at the intermediate points; but as it has
been before observed, the. position of the Jast points of

rupture varies according as the force exerted by the

upper or lower extremities is greater.

Coulomb, profiting by the experiments of Danisy, was

the first that considered the theory of arches with respect
both to the sliding of the voussoirs ón each other, and
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also rotation round the upper or lower edges oí the
joints. He showed that the theory oí La Hire was in-
sufficient; and first observed that an arch may break

into four parts instead oí three. (See Mémoires Pré-
sentées, &c. tome vii. pp. 381 and 382).

15. Since the time oí Coulomb succeeding writers have
contented themse1ves with deve10ping his theory: among

the most successíul may be mentioned ,Colonel Audoy in
No. 4, and Mr. Petit in No. 12, Mémorial de l'Officier

du Génie. AIso perhaps one oí the. clearest expositions

oí Cou1omb's theory may be íound in Navier's excellent

work, entitled Résurné des Ler;ons données a l'Ecole des
Ponts et Chaussées.2 Garidel's Tables des Poussées des

Voutes en Plein Cin,t'!'e and Mérnoi'!'esu'!' la Stabilité des

Voutes, by M. G.. Lamé and E. Clapeyron, ma,ybe

consu1ted with much advantage. These two 1atter emi-
ment engineers gave a number oí transcendenta1 equa-
tions íor determining the points oí rupture,but they'
have given the investigation as regards rotation only,
and experience proves that this kind oí rupture is most

to be dreaded.
16. To proceed with the exposition oí Coulomb's

theory we may consider as given-the span, the rise, the
curve oí intrados, the height oí the piers or abutments,

the distfibution oí theweights which the arch ought to

sustain, and the thickness oí the arch at the key; this

thickness is generally determined írom the example oí

the most períect constructions, similar to the one about

2 To this admirable work we are greatly indebted, and consider that

it should be used in every school that is at all interested in the progre ss

of science applied to the arts.
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to be projected. The equilibrium of the arch is mam-

tained either by loading the parts more that tend. to be

raised, or by giving more thickness to these parts.
Let us suppose the arch to be divided into two equal

parts at the key, the action of the weights supported by

the arch exercises a pressure perpendicular to this joint

between the two halves; we may therefore suppress one
half of the arch" and replace it by a horizontal force
equal to the pressure it exercises.

! 7. Let ABNM represent a semi-arch, and mn any
joint where the rupture may be supposed to take place.
Let O M and O N = b, b'; x, y the co-ordinates oÍ, the
point m; x', y' those of the point n; z

the length of the joint m n; 8 the angle
which this joint forms with the vertical;
ex= AD the distance of the point A from
the vertical passing through the centre B

of gravity of this portion.
T the normal pressure on the joint mn, and for the

rest the same notation as in arto l.
18. Supposing that the rupture of the arch takes place

by the stiding of the voussoirs along the planes of the
joints, we have by arto 2

F=
W (cos. 8-fsin. 8) -r z.*

sin. 8+ feos. 8
The values of F in this equationmust be calculated

for all the joints in the semi-arch, since by varying the

o

(1)

* The friction which is proportional to the perpendicular pressure on

the joint will be
f (F coso 8 + W sin. 8)

and the cohesion being proportional to the length of the joint, is r z.
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angle B, we will have different values for F. The greatest

of these values ought to be taken for the horizontal
thrust, or the pressure which the two halves of the arch
exercise against each other at the key.

The force F, which would be sufficient tocause the
portion MN nm of the arch to slide upwards in the
,direction mn, may be thus expressed:

F=
W (cos. B+fsin. B)+r z .

sin. B - f coso ()

The values of F being calculated in the same way for
all the joints in the semi-arch, the least value must be

greater than the horizontal thrust, or the equilibrium
requires that the maximum of equation (1) must be less

than the minimum of equation (2).
19. According to the forms and proportions generally

giveri to. arches, the joints of rupture which will give
the maximum of equation (1) will be found in the
haunches of the arch.The joint which gives the mi-
nimum value of equation (2) is near the springings; here
the arch has a tendency to give way, as in the annexed
figure, the upper parts sliding down-
wards, and thereby forcing the lower r\ '

parts upwards along the springing
line. lJL

It may also happen that the joint which gives the

maximum óf equation (1) may be
at or near the springing line,
whilst that which corresponds to

the minimum of equation (2) is .

near the crown; then the arch wiU be apt to give way as
in the annexed figure.

. (2)
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20. N ow that the rupture cannot take place by the

voussoirs turni-ng on the upper or lower edges of the joints,

byart. 1, the horizontal force F, applied at the point N,

necessary to prevent the portion mnNM of the arch
from turning from the top to the bottom on the lower

edge .or arris m, may be thus expressed:

F= W (a-x) -t RZ2
b' -y

The values of (2) being calcuIated for all the joints in

the semi-arch, the greatest of these values ought to be

taken for the horizontal thrust. Also, the horizontal

force F applied at N, which would be sufficient to cause

the portion mnNM to turn upon the upperarris n, may

be expressed by the equation
. .

F= W (CI.-~') ~tRz2 .
b -y

The values of (4) being also calculated for all the joints

in the semi-arch, the least valuemust be taken greater

than the horizontal thrust; that is, the equilibrium
requires that the minimum of equation (4) must be
greater than the maximum of equation (3).

From the above the maximum of equation(3) is

given by a joint of rupture near the key, and the mini-

mum of equation (4) given by a joint of rupture near the
springings. Then the arch is apt. to break, as repre-

sented in the annexed figure, the

upper parts turning inwards round
the arris m, forcing the lower parts
of the arch to turn round the ex- .

terior'atris of the joints near the springings.

21. But, at page 80, "Papers on Bridges," we have seen

(3)'

. (4)
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that the arch may give way, as in

the figure, the lower parts turning
inwards, and thereby forcing the
upper parts outwards. For the
equilibrium for this kind of rupture, the force F applied

at M, which would prevent the portion of the arch
mnNM from turning on the edge or arris m, may be

thus expressed:

F=W(a.-x)-tRz2.
b-y

The maximum of this equation must be taken for the

horizontal thrust of the arch~
.

Also the force F applied at M, figure, page 36, which

would cause the same portion to turn on the arris n, is

(5)

F- W (a-x') + t RZ2
- b -y'

.

For the equilibrium in this case, the maximum of equa-
tion (5) must be less than the minimum of equation (6).

22. In arto 18 we have supposed the rupture to take

place only by sliding, and in arts. 20 and 21, that it should

be effected by rotation. The most general case is where
the arch is apt to give way as is represented in the figure,
page 38; it also sometimes happens that whilst the upper

parts, as here represented, are descending, they force the

lower parts outwards, as in the figure, page 37. It is dear

that to prevent this motion the maximum of the expres-

sion equation (3) must be less than theminimum of (2).
For every possible combination that can take place,

we must, in the first instance, have the equations (1) and
(3), throughout the whole arch, less than the equations

. (6)
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(2) and (4); ~and in the next place, the equations (l)

and (5) less than (2) and (6).

23. When the arch is built or supported on piers or

abutments the preceding formulremay be here applied, if
we consider the piers or abutmeflts to form part of the

arch ; but this supposes that the stones or voussoirs of the
piers are sufficiently long to extend throughout the whole
thickness, for the theory here treated of is founded on

the hypothe.sis that the arch can only give way at the
joints, either by sliding on their planes or turning on the

edges.
24. From the preceding we may proceed to give the

conditions oí equilibrium in every possible case. 1st.

To find the horizontal thrust F applied at N by sup-
posing different positions of the joint of rupture mn, in

. the haunchesof (he arch, and stopping at the position

for which the expression arto 21

F ==
W (a -,x) - t RZ2,

b -y
or by neglecting the effects of cohesion,

F==
W (a-x)

. b'-y
gives the great8St value.

We must next ascertain whether the horizontal thrust

thus determined be sufficient to cause either the whole or
. a part of the semi-arch ABNM to turn on the exterior
arns. Now it is clear that the horizontal thrust can

more easily force the whole semi-arch to yield, either by
sliding or rotation, than it can a part orihat semi-arch,

where the inclination of the. planes of the joints to the

horizon is greater.
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For the equilibrium to exist, supposing the rupture in

the first joint AB, we must see that the expression

F ==
W (a -,x') -t: t RZ2,

b -y

or neglecting the effects of cohesion,

F- W (a-x')
,- b' - y'

,

calculated for this joint, is greater than the horizontal
thrust.

We must also see whether the horizontal thrust can

make either a part or the whole of the semi-arch slide

on the planes of the joints; that is, we must show that

the expression

F==
W (cos. 0+ f sin. O)+rz,

sin. 0- f coso O

or neglecting cohesion,

F==
W ~cos. O+fsin. O),

sm. 0- fcos. O

calculated for any joint whatever near the springings, is
greater than the horizontal thrust. If this joint were ,

horizontal, the preceding expression would ?ecome

F==Wf+rz, '

or neglecting cohesion,

F==Wf. ,

, 25. In the note, page 88, "Papers on Bridges," we ob-
served that the theory there given gave- the same results

as far as rotation was concerned as the theory of Cou-
10mb, but that the latter was much simpler in formo

We shall now reproduce the formulre given in the Papers
from that of Coulomb.
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Equation (3) page 38, F= Wb~a-[J}) neglecting co--y
hesion. Here a - [J} = DP, the distance of a vertical

through the centre of gravity of the portion m n N M
from D, and b'- Y=E Q, using the rotation given in the
Papers, we have

Q=/LDP.
EQ

N ow by equation (4) the force Q, applied at E. to
turn the whole semi-arch round the arris K, may be thus

determined.

The moment of theupperportion of the arch round

K is /L (DP+KR).

The moment of the lower portíon is v. KS, the sum

of these moments is thewhole moment of the weight of

the semi-arch round the point or arris K.
Also the moment oí Q round K =Q. KX = Q (E Q

+.KU). Now in order to ~ave a strict equilibrium
these moments must be equal

Q (EQ+KU)=/L (DP+KR) + v. KS

. Q_/L (DP+KR) + v. KS.. EQ+KU'

Hence to ensure the stability we must have .

DP /L (DP+KR) + v.KS
/LE Q < EQ+KU '

or bv reduction
01

DP'KU
P- EQ

</L.KR+v.KS,

but the triangles DMP and DEQ are similar

DP: PM (==FQ) : : DQ: EQ
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DQ'FQ
.'. DP==

EQ
;

this substituted in the above gives
FQ DQ" .

¡L.
EQ

. EQ . KU<¡L. KR+v. KS,

which. is the same expression as given at page 84,

" Papers on Bridges."
From this we see clearIy the superiority of the theory

oí Coulomb over the complicated theory oí rotatory
levers, having deduced the same expression from the
nlost simple and evident principIes; besides, as we have

before observed, the former is more general than the
latter, as it takes into account the tendency oí the
voussoirs to slide on the planes of theirjoints.

26. M.M. Lamé andClapeyron find the joint of rupture

by making m a a maximum, where m is the mass above
h

that joint, a the distance between the point of r~pture,

and the vertical passing through the centre of gravity
. ,

and h ,E Q, (see figure, page 81, "Papers on Bridges :")
they give

H(MHA - mha),

a maximum where H, M, and A are the corresponding

quantities to the above, taking both the arch and its

"
.
d ' d

. H d MAplers lnto conSl eratlOn; an slnce an - are
H

constant quantities, the above wiU be a maximum when

~~a isamaximum. For semicircular arches with parallel

extrados let R and r be the radii of bases oí the cylin-
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ders of extrados and intrados, re the arc between the

middle of the key-stone and the joint of rupture, then h=
R2 -r2

R-r cosoe; m=
2

. e and a=r sin. e-x, x being
,

the distance of the centre of gravity of the mass m from.
the vertical passing through the middle of the key. Let

us conceive the mass m to be divided into infinitely small
elements by planes passing through the common axis of

the cylinders, making between them the constant angle
de, the centre of gravity of each of the equal elements

will be distant from the áxis of the cylinders by a

constant quantity r', which by the property of the
centre of gravity. is thus determined,

R 2 d e 2 R - r 2 de. 2 r = (R2 d () - r 2 de) r'
2 3 2 3 2 2'

whence r' =~
(R3_r3) .

3 (R2 -r2)
,

r' being known we must determine x,

(
R2 r

) (
R2 2

)X
~

e f r' sin. e -
2

r de,

... ex=r' (A-cos. ()), the value of the constant A is

unity, for the integral ought to vanish when e=o; we
have then

- .. 2 (R3-r3)a-r SIn.e-
3 (R2- r)'

and by substituting the values of m, a, and h in ~
a, we

have
.

(R2 r2) (R3 r3)

m a
;- r esin.e- -; (l-cos. e)

-- ,
h R-r cosoe

which must be a maximum.

. . (1)



Putting u far m a, and differentiating far B, we have
h.

{ (R2-r2 ) . (R3-r3 ) .
} { }

.

{ (R2-r2 ) . (R3-r3 ) }
.

du- ~
r(sm.S+Scos.S)- -S- sm.S . R-rcos.S - ~ rSsm.S-

~
(l-cos.S) rsm.S

- O
dO. (R-r coso0)2

( R2-r2 ) { } (RS-rS ) { }.'. 2
r (sin.O+Ocos.O) (R-rcos.O)--rOsin.20 =

3
sin. O(R-rcos.S)-(l-cos.e) rsin. e

(R2;r2)r
{

sin. O(R-r coso O)+ Re coso O-r Ocoso 20-r S sin. 2S
} = (Rs;r3) sin. S (R-r)

R -r cosoS-~ o(r - R coso 8) = 2
~~s

-~S)
SIn. 3 + r r

2 (RS-r3). S ( )R-?'cos.8-z(r-Rcos.S)=
(R )

,puttmgzfor -;--, 2
3 +r r SIn. S

whieh has far its root the are B, eorresponding to the joints or arris of rupture.

Frorn the forrn of this equation we see that the positian of the point of Tupture depends on
the relation of the radii R and r, ar, which is the sarne, on the relation of the thiekness af the
areh to the diarneter.

tP
~
H

t:1
C)
(:rj

(J2

H:;o.
c:.TI



Values of Values of
Value of

Values of (). ()
sin. (). coso () 'z=-

sin, ()

45° or 0'7854 0'7071 0'7071 1'1133
46 O'80285 0'7193 O' 6947 1'1161
47 O'8203 0'73134 O' 6820 1'1216
48 0'83776 0'7431 0'6691 1'1273
49 0'8552 O' 7547 0'65606 1'1332
50 0'87266 0'7660 0'6428 1'1392
51 O'890 1 0'7771 0'6293 1'1453
52 0'9076 0'7880 0'6157 1'1517
53 0'9250 0'7986 0'6018 1'1582
54 O'9425 O'8090 0'5878 1 '1649
55 0'9599 0'8191 0'5736 1'1719
56 0'9774 O' 8290 0'5592 1'1790
57 0'9948 O' 8387 O'5446 1'1862
58 1'0123 0'8480 0'5299 1'1937
59 1'0297 0'8572 O'5150 1'2014
60 1'0472 0'8660 0'5000 1'2090

The radius is always supposed equal to unity.
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This equation, being transcendental, can only be solved

by approximation. In the following table we have the

different ares 8 from 45° to 60° with the corresponding

values of sin. 8, coso 8, and z==~.
sIn. 8

Let us take for an example the case of an arch whose

thickness is 1-6th of its diameter, then R
==~, and the. r 8

equation (2) becomes

(9-8 coso8) - z (8-9 coso8) == 1'0637 . .. (3)
Suppose 8==45°, and we get 1'5218, which is too large;
also if 8==0, we have 2, which is also too great: hence

we conclude that the angle of rupture 5s between 45° and

90°. If 8==60, we get a quantity '7686, too small in the
left hand member of equation (3); therefore the real

value is between 44° and 60°.
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As the two preceding suppositions have given results
which differ from the second part of the equation (3) of

'5 and '3 respectively, the true value appears to be
nearer 60° than 45°, and from the above relation it
appears that e is about 55°; this substituted gives

1'0859, which is. still a little too great, which shows
that B is greater than 55°; and since B= 56° gives a
result 1'0282, a value which is too small, we may there-
fore easily find by interpolation B==55° 23'; for taking

the difference for lOor 60', and the differencebetween

result for. 50°, and the second member oí equation (3),

we have
.

0577 : 60 : : '0222

60

'0577) 1'3320 (23'
1 154

1780
1731

49

If B= 55° 23' be substituted, it will give in the first

member of equation (3) 1'064, which differs from the
second member only by the small quantity '0003.

Thus the 'circular arch, whose thickness is constant and
rise h th of the span, has the point of rupture situated

55° 93' fromthe middle of the key-stone, or 34° 37' from

the springings.

27. The theory of Coulomb, as originally given by that
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illustrious mathematician, and subsequently reproduced
by Navier, which is neady the same as we have here

given,supposes a separate discussion of the conditions
of equilibrium of eac~ particular voussoir, and establishes

the required maxima and minima by a comparison of the

various different results thus obtained. In this form it

supposes an immense labour of calculation; and, after
all, it determines only the conditions of equilibrium of an
existing structure, lending its aid but indirectly, and
with difficulty, to the engineer who would determine the

form and dimensions oí a proposed structure so as best

to secure its stability. The subsequent labours of M.M.
Audoy, Lamé and Clapeyron, Persy, Petit, Poncelet

and Garidel, have however given to this theory a new

form and character, embracing,in the discussion many

conditions of the equilibrium of the arch which lay

before beyond its limits, and greatly dimÍJ;lishing the

labour of its calculations. From the account which our

limits permitted to give of it, it will appear that this new

developement of the theory oí Coulomb consists in the

determination in terms oí the inclination of any joint of

the arch to the vertical oí a function expressirig the
value of that horizontal. thrust, which, being applied to

the summit oí thekey-stone, will just prevent the semi-

arch from turning inwards ,upon that joint. By the
theory oí Coulomb the maximum of this function de-

termines the position oí the joint of rupture.

Professor Moseley has shown that his theory, founded

upon the discussion of the lines of resistance and pres-
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sure, (the former of which he has been the first to in-
troduce in the theory of statics,) and developing itself

by a wholly independent method of analysis, so far
as it embraces the same elements of the discussion
with the theory of. Coulomb, necessarily leads to the

same results; and it is a remarkable verification of
the formulre given by this able mathematician, and of

those deduced from the theory of Coulomb by the
. .

eminent individuals whose names we have mentioned,
that, proceeding with methods of analysis so remote

and so difficult, they have arrived at formulre, which,

when they refer to the same circumstances of €quili-

brium, are identical.
The formulre arrived at by the French mathematicians

as stated by Garidel, and made by him the foundation of

the tables which he has calculated with so much labour

and ingenuity, are the following; the notation being made

to correspond with that of Professor Moseley's Paper.
In the case in which the load rests on the extrados, and

the arch is a complete segment, so that B=O:

E



Garidel. Tables de

}
{ } { }la Poussée des P2- 3 (1+a)2-1 .ysin..y-2 (1-cos..y) 1+a)3-1
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In the case of an arch where loading is bounded by a straight line inclined to the horizon at a given angle :

Garidel, p. 44. O=-A+B coso .y-C cos.2 .y+D cos.3.y+ ~-(1 +A) .ycot. .y

}SIn. .y . . . . . . . . . . . . . . . (4)
+ E sin. .y (1-f sin.2 .y)- H sin. .y cos..y

Where A=f+ (l +.B) (1 +a) (1-a2) +a2 (1 +fa) (l +A)

B=1+2 (l+.B) (l+a) (1-a2) (l+A)
C=(1+a){(1+.B) (1-a2)+(1+a) (1-2a) (1 + A)}

D=f (1+a)2 (1-2 a)

F=(1+a)2 (1-2a) tan. t

H=(1 +a)2 (1-2 a) (1 +A) tan. t

When the direction of the pressure P is through the bottom of the key-stone :

Garidel, p. 44. 0=- {f+ (1 +a)(1 +.B)(I-a2) +a2(1 +fa) } + {t+ (l +.B) (l +a) (l-a2)-a2 (1 +fa) } coso.y
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(5)
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Now, if in equation (7) of Professor Moseley's Paper,

page 51, X and Y be taken==O, by which substitutions

the more general case of equilibrium supposed in that
equation will be reduced to the case of a complete arch

of equal voussoirs without loading, and if this equation

be then solved in respect to ~, then equation (1) of the. r2

above will be reproduced. Equation (13) of Professor

Moseley's Paper will, in like manner, give us equation
(2) of tbe above. If in the above equations (3) and (4),
¿ be assumed == O, and A. taken==a, the Professor's equa-

tions (19) and (20) wiU be obtained, These are tbe fun-

damental equations from which the Tables of Garidel
are calculated; and they result alike from the tbeory

of Coulomb and that of Professor Moseley. 2

The discussion of the 1atter theory, however, embraces

various elements which are not, we believe, to be found
in any other.

It determines the conditions of equilibrium not only
of the continuous segmental arch, but of the Gothic arch,
and that under every variety of loading; not only for

instance when the pressure of the load is vertical, but

when its direction is inclined at any angle to the ho-

2 M. Garidel has given the following approximate expressions for

the angle oí rupture and the thrust in the case of an unloaded arch with

equal voussoirs; they are derived from the equations (1) and (~).

'1'=57°293 +
49'594 (IX+ 1'69043) (IX-O'15371) (0'99987 -IX)

(a+2) (a+O'4597)

P =°'1532 IX(IX+ 1'7106) (1'4565-1X)
1'2 IX+O'4597
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flzon: as an illustration of this fact, let it be observed
that equations (25, 26, 27) determine the conditions of

equilibrium of an arch which sustains, either by its ex-

trados or intrados, the obJique pressure of a fluido The

equations of theProfessor's Paper not only determine
what are the conditions of the stability of an arch, under

a given loading, but what loading wiU give certain condi-

tions of stability. Theyenable us, for instance, so to load
a segmental arch as to bring its points oí rupture to any

given distance from its springing; they also determine

what load accumulated near the crown would cause the
arch to fall by the descent of the crown, and what at the

haunches would cause its fall by the elevation of the

crown. In respect to the direction of the pressure upon

the key -stone, these formula') include, in common with

the French -formula'), the case in which (the arch being

constructed without cement) this direction may be sup-

posed to be through the summit of the key -stone; they
determine also the actual direction of this pressure when

by the interposed cement a mathematical adjustment of the
j oints is brought about, and when this direction is there-

fore through some point which intervenes between the top

and bottom of the key-stone,-a determination which, we
believe, has not been attempted by any other author. It
is, however, principally to be remarked in respect lo the
theories of Coulomb andProfessor Moseley, that the

latter is general, embracing every case of the equilibrium

of a system oí bodies in contact, and including the arch

as a particular case. Of these various applications,
(others of which are given by the learned Professor,) are
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the buttress, thepier, the straight arch or plate bande,

the embankment, &c.
The formulre given by the French mathematicians for

determining the width of the pier of a given height is

deducible froID Professor Moseley's equations, substi-
tuting in equation (4) the values of the horizontal thrust,

the weight of the arch, and the quantity k, as deter-
mined by the subsequent equations, and then solving

equation (4) for K.
28. We shall now proceed to give Petit's formulre and

tables for calculating the stability of arches.
At page 38 we have shown that if the length of the

arm of the lever, with which the horizontal thrust F

acts==y, and the weight ofthe portion mnNM==W, and
cp the length of the arm at which it acts, then we have

F . y== W . cp or F==
W cp.

y

We are ignorant of the point m round which the ro-

tation tends to take place, or in other words, we do not
know ,the angle 8 which the joint of rupture mn makes

with the vertical; but since the force F must be such
that it shall keep any portion whatever of the arch in

equilibrium upon the portion beneath it, it must be equal

the . greatest value that
W X cP admits by the variation

y

of the point of rupture.
In order to obtain this value, we must assume a

point of the arch, or the angle 8, which determines the

position of the point, and find the corresponding value

of F. We must next-assume another value of 8, and
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find another value of F, and proceed in this way until we

have found the maximum value of F. (See page 38.)

We must take the moment of this last force with

respect to the edge d, or the outer edge of the given
piers, and then put this moment,equal to the moment
(M) of the half arch and its pier, and this equation wiU

give (e) the thickness of the pier. Thus, if F be the

maximum value of F, and L the arm at which it acts,

we have the equation

M==FL, which gives e.

These are the two formulre which M.M. Audoy and

Petit have developed. The following are M. Petit's
formulre, relating to arches that are semicircular and

have a parallel extrados.

Semicircular arches with parallel extrados.

29. The formulre for these arches áre

e K3-1cos.e+(1-Kcos.e)-;--=K~t.-. . . . . (1)
SIn.e K+ 1

F'=r2 { t (K2-1) (1+ -J-. COSoe)-i- (K3-1) } . . . (2)SIn.e
!!.= -1-1/" (K2-1).!:..+
r h

v';:-~(K2-1)2.~: + 2{ Kc+i-(K3-1)-1-1/" (K2-1) }'¡+2C (3)

(f>

In the preceding formulre K is the ratio of the radius
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oí the extrados to that oí the intrados or R; 8 the angle
r

oí rupture corresponding to the maximum thrust; F' the
maximum yalue oí the thrust F; r the radius oí the in-
trados; h the height oí the pier or abutment oí the
arch; e the ratio oí the maximum thrust, and the square

oí the radius or e== ~; 7T the ratio oí the circumíerence
r

to the diameter.

As an example, we may determine the necessary

thickness íor the piers or abutments oí a semicircular
arch with. parallel extrados, where the radius oí the
intrados r = 16'4 íeet, and the radius oí extrados R

= 20'99 íeet, and the height oí the piers or abutments
6' 56 feet.

With the Tables l. and n. oí M. Petit this problem
can be easily solved. 'Ve must first find the rátio

K = R - 20'99= 1'28. In Table 1. we find the cor-r 16'4
responding value oí 8=62°30', and Table n. gives the
íollowing equation to solve

/ 2
~=-'5014' ~+ -V'2520' ~+'O801' !+'2738
r . h h2 h

in order to determine the thickness oí the abutments in

the case oí strict equilibrium.

The preceding equation is only equation (3) with the

values K= 1'28, 7T=3'1416 or '!.. = 16'4 = 2'5 and. ' h 6' 56 '
this equation gives e=2'92 íor the case oí strict equili-

brium.

Without these tables we should firsthave supposed

8=61° or 8
. 61 X 3'1416

= 1'06 cos 61° = '4848 ,
.

180
,.
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sin, 61°= '8746; K= 1'28; these numbers substituted

in equation (1) we have '9446 = '9592; hence 61° does

not satisfy the equation,

Next assume 8= 62°, and, proceeding as before, we
find '95856 = '95920; this value of8 therefore does not

satisfy the equation,
Now assume 8=63°, and we find '97093= '95920;

here the first number is the greater, we therefore con-
elude that the real value of 8 lies betweel1 62° and 63°,

Taking the difference '97093-'95856='01237, which

corresponds to lOor 60', and also the difference '95920

- '95856== '00064,

'01237 : 60' : : '00064 : eX=31';

hence 8 = 62° 31'; sin~ 8 = '8871, cos, 8 = '4615, {J
62° 31' 3'1416 ': >"

.

-
90" 2 == 1'091. These values substituted

in equation (2) give c =,F~, .1:35,nearly the same as
r.., .

the value given by. Table L,' 'whence we may find the

maximum thrust F' = '135 . (16'4)2= 36'31 feet; lastly,

this value of c, and those of h, r, 'Ir, and K, substituted
in equation (3), give the ~~i~kness e, as has been found
above, In the case where-kis infinite, the formula (3)

would reduce to ~== v2c'- which gives for the limit of
r

the thickness of the piers or:',aQPtments e==8' 528 feet

instead of 2'92, .

By Colonel.Audoy's method we may find the stability

by multiplying the value of the thrust by 1'9, which

gives the stability of arches calculated by the formula (3);
by putting 1'9 c or c+'9 c instead of c, we have
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~=-t7r(K2-1); ~+
r h

{
? r

-vi -to7r2(K2-1)2.~+[1'8. Kc+2Kc+% (K3-1)-t7r (K2-1)J.¡¡,

+2C+l'8C}

If we want to find the limit of thickness in the case

of stability given by La Hire, the equation becomes
e -
-== -vi2 c+2 X'9 c==-vl3'8 c=='72, whence e=='72X 1'64r

==11'8 feet.
The voussoirs tend to slide on the surfaces of the

inferior joints; hence there results a thrust sometimes
more powerful than that of rotation. In semicircular
arches with a ,parallel extrados the maximum thrust due

to sliding is G == '15304 r2 (K2- 1) ==F', G being the
horizontal. force capab1e of preventing the sliding of any

voussoir whatever which tends to descend upon the
lower surface. It is by these means that Petit has found

the ~umbers which are given in the 5th column of Table

l. Thus, in the examp1e c== F
== '15304 (K2- 1) ==r2

'0977, a thrust which is less than the thrust from rota-
tion.

If the former thrust were the greater, we should uSe it

to determine the thickness oí the piers. By examining
Tab1e 1. we find the values of e relative to sliding
greater than those relative to rotation as far as K == 1'44 ;

thus, for those arehes which give to K a value between

2'732 and 1'44, we must emp10y the values of e relative
to sliding for determining the thickness of the abut-

ments.

The following figure represents the rupture of the arch
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when the force exerted by the 10wer portions is greater
than that by the upper.

Semicircular arches with horizontal extrados.

30. The formulre relative to these arches are

F=
r2sin.2e

{ K2[6-3K-'(3~2K)Cos.e]- (-!!-- 1 ,

)} (l)
6(K-cos.B) SIn. B cos.2tB

and

e- (K 1 ) r
--- --¡-'lr-+r h+Kr

v(K-:ln)2 (~r+ (2Kc-K+3'1r-4 )~+ 2c. ~ (2)
h+Kr 6 h+Kr h+Kr

The first gives the thrust due to rotation, and the second

the thickness e of the piers.

And G==r2('16391. K2-'15206) (3), which gives the

thrust due to the maximum of sliding. As an example,

1et us find the thickness of the abutments of an arch
with an horizontal extrados, where the radius of intrados

is r==6'56 feet, and radius R== 7'54 feet, and the height

of the piers h ==9' 84 Jeet.
R 7'54, .We shall have K== -==- == 1'15, and we mIght.

r 6'56
assume the ang1e of rupture ()==60° and find the corres-
ponding value of F, and then make 8==61° and find the

corresponding va1ue of F by means of equation (1), and

proceed in the same manner as at pages55 and 56, unti1

we found the maximum value ofF; but, by Table Ill.
we see that if K == 1'15, the corresponding value of the
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angle of rupture is ()==64°, and ~ == e == "11895 in the

case of rotation.
In the case of sliding we ,obtain by the same Table

F'
== "06471.r2

According to what we have before observed, we shall

take the first value of e (it being greater than that due to
sliding) to determine the thickness of the abutments; by

substituting in (2) the values K== 1"15, ~== e == .11895
r

and ']7'~3.1416, we have

e .
..

-==- .3646X .377 v"01889+"01044+"13465,r

hence e == 1" 75 feet for the case of strict equilibrium.
If h were infinite, the equation (2) would reduce to

e -
-== -v/2 e == -vi2 X °11895; hence e==3"2 feet for ther

limit of the thickness.

If we wanted the practical stability, we ought to sub-

stitute 1.9 e for e in equation (2). Similarly to obtain

the limit of the thickness according to La Rire, we must

substitute 1°9 e for e in formula ~== -v/2 e, which gives
r

e==r v 3"8 e ==4°34 feet nearly.

The Table IIIo shows that for values of K less than 1.35

wemust consider in our calc:ulation the thrust due to
rotation, since it exceeds that due to sliding, and we
must consider the latter thrust if K be equal or. greater

than 1.35"
If in the above example we want the thrust due to

sliding, we obtain
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I

F
.

2= .16391 K2- .15206 = .0647.'. F=2"785.
r

Arches in the form of á circular arc with parallel ex-

trados.

31. Besides the data necessary e

for the two preceding cases we must ~,¡/l~
have the span AB, which we de-

D
k-::: ~ [D :::7 B

"',,/--1 ,/

note by L, and the rise CD, "-'~//.
denoted by f. .

Having L and f given, we shall have, in arder to

determine the radius AE or r,

f ( L2
r= 2 1+

4f2 )
and the angle AEC, which we denote by a, is given by

the equation
L

. f
Slll. a =

1 L2
.

-.-+1
4 f2

When the span L and the angle a are given, we shalI

have the radius r by the formula r = .~ , and f
2 Slll. a

fromf=r (l-cos. a), r being known, and the thickness

AF, we shall have EF= R, -and therefore R
= K. Ther

Table l. relative to semicircular arches with a parallel

extrados will give the angle of rupture e. It may

happen,-lst. That this angle of rupture ofthe proposed
arch, considered as a complete semicircle, is smaller than

a or half the angle at the centre; in this case the joint

of rupture takes place between A and C, and the arch
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ought to be considered relative to the horizontal thrust

as a semicircular arch, and the Table l, wiIl give .the
F'

maximum thrust F' = cr2 or e=
2'

As for the thick-
r

ness of the abutments it wiIl be found by the equation

: = -t a , ~(K2-1) +
r h .

-v'{
ta2(K2-1)2,r2 +2[c(K-cos.a) +tCK3-1)(1-cos.a)-tCK2-1) .

. h2

asin,aJ¡+2C} ,.
"

, , , (4)

The limit of the thrust in the case of strict equilibrium

is always given by e= r v-iC - v 2 F'; that is, it is
always equal to the square root of twice the horizontal

thrust; and the stability, according to La Rire, is given

by the equation
e=rv2X1'9c- rv3'8c,

As an example, let us find the thickness of the abut-
ments of an arch in the form of a circular arc with paraIlel
extrados, where a= 62°, the thickness AF=2'23 feet,

L=19'68 feet, and h= 13'12 feet, we have
L 19'68 fr=2 sin, a=2 X '8829-11'145: =r (l-cos. a)=U'145(1-'4695)

=5'9124; R= 11'145+2'23= 13'375,~= 13'375=1'2=K,
r 11'145

and to this value of K corresponds the angle 8= 59° 41'

(Table 1.), and e= '1114, a value which is greater than
. the value of e due to sliding; we shaIl therefore employ

e= '1114, in order to find the thickness of the abut-

nlents, We shall also llave a=
7
62 , 3'1416 = 1'0821;O 2

all these values substituted in equation (4) give

~= -'20223
r

+ ~409+2 {'7305.c +'1287-'2101 } '8425+2 c,
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whence e==11'145 X '31 =3'45 when the equilibrium is

strict.

The limit of the thickness e = r v 2 c= 11'145 X

v'2228 = 5'25 feet.

For the stability according to La Hire we must put

1'9 c for c in the above formula, and we shall have

~=- '20223+
r

,;(;.409+2 {-73Ó5Xl'9C+'1287-'2101
} x'8495+2xl'9c,

whence e = r X '56 = 6'23 feet, and the limit e = r
v 2 X 19 c = 7'25 feet.

It may also happen that the angle of rupture of the
proposed arch, considered as a semicircle, is greater than

half the angle at the centre or a, which usualIy occurs in

practice; then the rupture takes place at the springings,

and thethrust is given in this case by the equation

- F' - -k(K2-1) a sin. a r3-t (K3-1) (l-cos. a) 3rc--- .
r2 K-cos. a

Thus L and 1 being given we have the ratio !:, and the
~.. 1

L

formula sin. a - 1-
1 L2
4.-+1

12

gives a; having a sin. a,

coso a, K and r, we obtain c, and the formula (4) will
give the thickness of the abutments.

The Table IV. of M. Petit gives the thru~t for those

arches whose rise 1 is the 4th, 5th, 6th, 7th, 10th, and

16thpart of thespan L, and for the different values of
K; these are the kinds of arches most in use. We find

álso in these Tables, and for' each of these cases, the
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value of a, and that of r, which corresponds with it,
Let e be greater or less than a, formula (4) must be lised

to find the thickness of the abutments; only if e be
greater than a, we must take the values of e found in

Table IV,; and if ebe less than a, those in Table 1. As

an example, let liS find the thickness of the abutments of
an arch in the form of a circular arc with parallel ex-
trados, where the angle at the centre = 70° ora = 35°,
and where the span L=49'2, and height h= 13'12,

we shall have ~.= 35 . 3'1416 = .6109; sin, a = .5735
90 2

nearly, cos. a = '8191, f = r (l-cos, a) = '1809 r;

r = L -~- ,'. L= 1'147 r; ~=1'147 r -6'34,
2 sin, a 1.147 f '1809 r

Let us also suppose the thickness of the arch = 3'28

feet R=r+3'28' r= L
=

49'2
= 42:89 and, ,

1'147 1'147
..,

, 46'17Table l, glVes for K= = 1'076, an angle of rup-
42'89

ture = 49°48', which is greater than the angle a; hence
the thrust must be found by Table IV. Rere K= 1'076

is between K= 1'07 and K= 1'08; and~= 6'34 is be-
f

L Ltween - = 6 and - = 7, we may find by proportion
f f

the value of e = F'
= '04681.r

With this value and the others given above we must
proceed as in the former example, and by means of
equation (4) determine the thickness oí the abutments
for a strict equilibrimn, And forthe stability according
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to La Rire we shall find the limit of the thickness by

\ the formulae= r v 3'8 c.
It still remains for us to calculate the thrust due to

sliding, in order to substitute it in formula (4), in the

case where it is more powerful than that due to rotation.
If the half angle at the centre, or a, be greater than

26°, the horizontal thrust due to sliding is calculated by
the formula

F' = '15304 (K2-1) r2.
.

If the half angle a is less than 26°, we must substitute its

value instead of e in the formula

G=!r2 (K2--1)'tan.
(:+300)'

and we shall have the thrust due to sliding on the joint

at the springings. A horizontal interline drawn in the
columns indicates for all the Tables the value of K where

the one thrust exceeds the other.

Arches in the form of a. circular arc with horizontal

extrados.
32. After finding the radii R and r as before, and

consequentIy K, by the formula

F=
6

[~Sin,2 ()()
{

K2 [6-3K- (3-2K) cos.()] - ( .3
()

()- 12.1.e)}-COSo SIn. COSo 2

we must find the angle e which corresponds to the maxi-
mum thrust by proceeding as in page 56. If it be less
than a, or half the angle at the centre, this will be the

angle of rupture, and the corresponding value of F or
F' wiIl be the value of the horizontal thrust.

If the angle e, which answers to the maximum value
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of F, is greater than a, we must put a instead oí e in the
above formula. We must find the maximum thrust due
to sli_dingby the equation

G=r2sin. e
.

{
K2 (l-! cOS. e)- l-J-

} ,
tan. (e+cp) 3 SIn.e

cpbeing the angle oí friction of the masonry. M. Petit

takes cp=30°.

The greatest value of F or G must be substituted in

the equation

(R+h-r coso a) e2 + (LR-t Lrcos. a - r2 a) e+L2
(-1R- h r cosoa)-tL r2 a+lL r2a+t r3 (l-cos. a)

=2 F' (R+h-r cos. a) in order to obtain e.
F'We-need only observe that2" = e orF' =cr2, and that
r

e is given by the Tables.
We may proceed to the formulre oí Col. Audoy for

the calculation of other arches.

Formulm relating to flat sweeps of three circular arcs with

extrados parallel to the intrados.

33. Let the angle k aS (which subtends the! arc at the
..

summit)=e; let a be the thickness oí the arch, or A' a',
al

Xi
i flU!
i :¡A ¡ :Z,/ ¡,:

i ~ /<~,,/
,,"

B
'

I -~
I ¡¡"'¡::--"F---
! / J¡,
I ,

!ti /
! /
I '--_e /¡ ---°/
1/
I '
l¡¡,

F
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R the radius of the arc at the crown, r the radii of the

arcs at the springings, A the spring, or the height of the

intrados under the key-stone, B the ! of the span, Z the

angle mud contained by the supposed joint of rupture d 1í

and the vertical passing through u the centre of the small

arc at the springings, h and e the height and thickness

of the abutments, S' and Z' the surfaces A' S R' a', and
S d h' R"; N' and L' the moments of these surfaces taken
with respect to the verticals A' a and mu; M' M'" the
moments of these surfaces taken with respect to the

point d; F the value of the horizbntal force; we' m.ust

employ the formulre

S'= {(R+~2_R2} B, Z,={(r+~2-r2} (Z-B)

N'= {(R+ar-R3} (l-cos. B)

L'= {(r+ ~3-r3} (cos. B- cosoZ)

M'= {R-r (l-sin. Z) }S'-N'; M"'=r sin. Z. Z'-L',
M'+M'"

. .
F= .

A+a~r coso Z
By taking for Z any angle greater than B, we may

calculate all these values, and have the value of F cor-

responding to that angle. Similarly, we may find other

values of F, byassuming different values of Z, and when

we have "obtained F' the maximum value of F, we must

substitute it in the equation e~h + e (S' + Sil) + B S'+
rS" - (N' +N")=F'(A+a+h) (5). S"'is the surface ofB"

SR'b, which is given by the equation S"= {(r+~2-r2}

(77"-2B); N" is its moment with respect to the vertical
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d
. . b h

. N" {(r+a)3-r3 }mu, an lS glven y t e equatlOn = 3
cos.8.

For the methods of describing these arches, see

"Papers on Bridges," pages 40 to 44.
When the ares are D

60°, and ang1e FE C L~

.5 3~~ t~e~ s~. ;O;in.
~;:~~~:/n__J___ml~/___-

300=! E F=k (R- r) A F\, le /. B, I ,, I ,

or R - r = 2 F C, but \ ¡ ,/
, I ,,

I ,
\, I ,/

r =A e - F C, hence \ : /<\ J /
'.)i

R=AC+FC. E

ConsequentIy we have in this case the radii; R=A C

+F C and r=A C-F C respective1y.
Let us give an examp1e in which A C = 30 feet or 10

yards, C D=4! feet or 1! yards, and the height of the
pier = 12 feet or 4 yards, also C D-i A C, and sine e FE C

==30°==8; sin. 30='5; 8=
30 . 3'1416 - '5236; B C
90 2

==! . 10=6i; and by "Papers on Bridges," (page 43,)'
v3 + 1F C= (B - A) = 4'55342; R = A C +F G =

2

14'55342; r=AC-FC=5'44658.
Substituting these values in the above formu1re, we

have S'= 12'01871; N'=47'11; Z'=9'295 (Z-'5236) ;

L'==57'878 ("866-cos. Z); M"=5'44658 sin. Z{9'29.5

(Z-'5236) } -57'878 ("866-cos. Z).

, M'== {10-5'44658 O-sin. Z) } 12'01871-47'11,

A+a-rcos. Z=8'16666-5'44658 cosoZ.
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Let Z==45°

Z== 45,3'1416=='7854
"
cos,Z==sin,Z=='7071' M'==53'9

90 2 '

M"=='166, A+a-r cosoZ-4'3154
M' + Mil

F== -12'5286,
A+a-rcos,Z,

If Z==46°,
Z/==2'5951640, L'==9'897138, Mil == '269902,

M/==54'6968742, A+a-r cos, Z==4'38, F== 12'54,

If Z==47°,

Z' :;:::2'7578265, L' == 10'651114706, Mil
=='331474387,

M/== 55'49128068545732366,

A+a-r cos, Z==4'452156901194, F== 12'5383.

Here the greatest va1ue of F found is therefore F== 12'5<;

==F', and correspoilds to the angle of rupture Z==46°.
For the thickness of the piers in the case of stric1

equilibrium we must substitute the different terms ir
formula (5)

or h==4, 8=='5236, cos, 8-'866, '17',==31416; F'==12'54
a==l'5,A-6'666, 8/==12'01871, B==10, r-5'44658
N/-47'11, 8"==9'73372, N"==50'12235, then

e==-5'4431- -\1'67'92718==2'8.

To find the practica1 thickness we must i~crease tht
va1ue of F' by 11LO;before ~e introduce it in the formule
(5), we should have substituted in that formula 12+5.::]

+ -lo X 12' 54 == 23' 83 instead of 12' 54, and the resultiné
value would be that which mUst be given to the thicknes~
of the piers, in order that they may be able to resist an)

accidental causes,
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FormultE relating to flat sweeps, deseribed with three ares.
of a eirele with horizontal extrados.

34. Let R be the radius ofthe are at the erown, r the

radius of the arc at (f' R tiíb'
B,

the spfingings, e the
thickness B' K at the
springings, a thethick-

ness of the arch at the
key -stone, Othe angle

A as, Z the supposed
angle . of rupture, S'

and Z' the surfaces A S R a' and S dl R, N' and L' the

moments of these surfaees with respect to the vertical s
A a and m u, M' and Mil the moments of these surfaces
with respect to the vertical d q, Mlll the moment of the
s'urface d h h' l with respect to the vertical d q, F' the

maximum value of the thrust F. The formulce are

S
, R S

.

in. O{' 2 .(R+ ) R O}
R20

== '2a'- coso -2;

N' ==R2s~. 20
(R+a) - ~3 (l-cos. 30) ;

. 2

Z/==r (A+a) (sin. Z-sin. O)-~{Z+sin. Z coso Z)
. 2

- (O+si~. Ocoso O)} ;

2 3

L/==; (A+a) (sin. 2Z-sin. 20)- ; (cos.30-COS.3Z)

M' == (B-r+r sin. Z) S' -N' ;'

M Il . Z Z ' T , MilI. 2. 2z==rSIn. . -.u; ==a SIn.

{(A+a)-rcos. Z
~

a coso Z
}2 3
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M' +M" - M'"F = .'. The equation which gives the
. A+a-rcos. Z

thickness e is e2(Ata) .+ P' + p" = F (A + a)or e

(Ata) +e (S'+S")+BS' +rS" - (N' +N")=F(A+a)

S" represents the surface S B' b' R, which is found by the
equation

S" =r (A+a) (1- sin. 8)- ;2 (7T'-;2 8
- sin. 8 COSo8);

N" is its moipent with respect to m u, which is

~~ (A + a) (l-sin. 28)-
r3 C~S.38;

p' and P" the moments of the surfaces A S :a a' anl

S B' b'R with respect to H k, which are found by th

equations
p' = (e+B) S' -N'; P" = (e+r) S"-N".

If the thickness of the piers of an arch = e, the heigh

= h, the equation of equilibrium is
.

e2(A+a+h)
+e (S'+ S") +B S' +r S"- (N'+ N")

2
=F (A+a+h).

FormulCEfor Plate Bandes.

35. In these arches the joints cannot be perpendicula

to the intrados; they are so con~tructed that all th
joints produced meet in the same point, (see page 29)
Retaining the same notation as at page 28,

F
3a2-t2. tan. 28

d
.

= 6
,an

c2(h;t) +extx a+ a;t=F(a+h).
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It is usual to construct an equilateral triangle upon

the whole breadth, which finds O the common centre
of all the. joints. In this case we have e= 30° ;

1 9 a2-t2
tan. e=--= and F=

lS
.

-V3 -

Let a=3.5 yards, t=.S yard, and h=3 yards, and

F= 9X(3.5)2_c-S)2=6.089, and e2+1.47e=9.6 ... e
lS

=2.445 for the case of strict equilibrium. To obtain

the practical thickness we must proceed as in page 68.
36. In concluding this part we may remark that the

investigation of many other valuable formulre is given in
the Memoir of M.M. Lamé and Clapeyron, nearly the
same as we have given from M.M. Petit and Audoy.

They determine the position of the point of rupture
of the spherical extradossed dome of the church of Sto
Isaac at Petersburg, whose radii of intrados and extrados
are 32 and 34 feet respectively, which give for the

thickness of the dome the ;-2 part of the interior
diameter, and they find that this point i8 68° 181from

the key, or, which js the same, 21° 421 from the

sprmgmgs.

In the supplement they give an investigation relative

to circular cylindrical arches with horizontal extrados, as
follows :

Retaining the same notation as at pages 43 and 44,

ma= 3 R r2sin. 2B-r3 sin. 2BcosoB-r3{ 3 Bsin. B-2(I-cos. e)}.
. (a)

h 6 (R-r COSoB) '.

DifferentiatiÚgthe second member of this. equation for e,

and putting the result equal to nothing, making R
= Kr
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e . maand -:-- = z, we have the maximum of -,
sm.e h

3z(1-Kcos.&) +2cos.3&-6Kcos.2&+3(2K2+ 1)cos.&=3(K+ 2) (l

Calculating in the same manner as at page 46, w
obtain the arc corresponding to the point of rupture fo

each particular value ofK or R, and this substituted iJ
r .

"equation (a), will give the maximum value of m a.
h

They also deduce the following beautiful property, viz
the point of rupture in an arch is that for which th

tangent to the intrados at this point cuts the horizonta

line passing through" the summit of the key at the sam
point as the vertical passing through the centre of gravit:

of the mass which tends to separate itself. The point e

rupture being known, m a is then equal to the mass r.
h

divided by the tangent of the angle which the lin
touching the intrados at the point of rupture make

withthe horizon.
,.

They further proceed to examine if there do no

exist curves which give a constant moment of stability

and find that this condition cannot be satisfied throughou

the whole arch, but it Jnay be so for a portion of the arcb

F
MA. . h h"h'or as -¡:¡- IS constant In t e same arc , t ey;try J

m a can be so too, and find two different cases: in th
h

first, the thickness' of thearch must be = O, in th
second, the height of the key must= O, neither of whicJ

is admissible ;-thus the moment of stability cannot b

constant for the whole extent of the same arch.
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Of jlat-vaulted arehes deseribed with more than three

ares of a eircle.

Different methods have been adopted in order to

determine the positions of the centre, and the length

of the, radií of the arcs of which these curves are' to

be composed. We shall explain the mode which was
preferred for the plan of the arches of the bridge of
Neuilly.

After;having determined the radius FB of the first

arc,~étting out from . ~ I,
\ . : .

,

theabÚt1llents, a dis- ,,\ \ \ ! i i / ,

' k
'

r 1
~,,""\ \ \ i ¡ i //,1/

tance wasta en lor t le -'<', \ \ \ 1 Ki Ií glG,-<../'

prolongation of the less
Á )~~

\ fd-'7-7~f?f~---'-B
~

\' i I '/' L

dia met
,

er; call this dis- ' \,
~
.~.-j../r~ IlE.

' ..l-""'W~~
,

:>

"

, .-. '

~
I :L! ': I ./ ) .~ f

CE h
.

h
.

"
I ,/1,/ .~~ "'...

tance . , w lC lS ar- '), ¡ J' f' --~~
,

, \ \ '\
¡
/ i

I{( e
hitrariJy"made equal to \\\ +i.rIl '

.~

three . times, CF, and \\\ I,l!
.. '. \\\ 1/ ¡¡

WhlCh may have afJfif- , 'i'N!!. ~ ¡ :p

ferent proportftbn to this \\I A
--

1.1, I

line. Afterwards' di- \"'fd
.'

,
~I :

viding C E into five \j/
, :~

equal parts, C F into t
five parts in proportion with the numhers l, 2, 3, 4,

and 5, and joining the points of division by the lines
LF,MG, NH, 01, EK, the points E, P, Q, R, S, F,

which are found at the respective intersections of these
lines, were assumed for the centres of the different arcs

that compose the flat-vaulted arch.

It is evident that in the curve described in this man-
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ner the proportion of the elevation C D at the aperture
A B, depends on the f~regoing data, assurned frorn the

length of the line CF, and its proportion with respect to

CEo But, when a flat-vaulted arch is to be described,

the two diarneters are usually deterrnined beforehand,

so that, after describing a curve by the preceding-
rnethod, it will be requisite to rnodify it in such a man-

ner that the elevation CD shall becorne precisely equal
to the one that is assumed.

Let us call half of the aperture in question a,and its
elevation b, x the extent which CF is to have, and, y that

which is to be assigned to CEo Let us suppose, besides,
that the assumed and arbitrary values given to CF and
CE be represented by n and m, and that these results

forrn, for thedevelopement of the portion of the po-

lygon EPQRSF, a length equal to s, while the length
really to be described on the lines x and y will be equal

to z.

We then have the relation

z+a-x=y+b ;

and if we suppose the figure constructed on the lines

x and y, to be similar to the figure E C F constructed
on the lines CF=n andoCE=m, we shall have

mx sx
y=-,z=-;

n n

substituting these values in the foregoing equation, and

deducing that of x, we find

n (a-b)x- .- m+n-s.
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this is the valuethat must be given to CF, in order
that the aperture and the elevation of the fiat-vaulted
arch shaIl be precisely equal to the lines represented by
a and b.

Jt is plain that this method may be applied to flat-
vaulted arches, composed oí any number oí ares what-
ever. By means of the same centres paraIlel curves
may' be deseribed, in which the proportion oí the dia-

meters wiIl be variable, and -if the proportion between

the distanees CF and CE be suitably settled, then
curves wiIl be found which, described for the same arcs,
wiIl furnish forms of great variety, and allow a more

or less free passage to the water.
The foregoing method has no inconvenience but its

length, and leaves little to be desired; but it is ima-
gined that in the case in which the arch should be

lowered.one-fourth it is fruitless to compose the flat-
vaulted arch with a great I~

~ : ¡

:~::,eran~ t::~s in°fge~
A~\"- \._:

t
:c---,t.

~f' -,j.neral it will be suffieient" ,u\., J f \ //

',\ I I \tG
to confine their number \~j- ¡ /. / "-

to five; in this case the ?\G- ¡/l/
d

.. . . \'., 11
eSCrIptlOn lS slmplified \ ~,f¡

.\ I {fi-
in a great degree. \ I i

\ I .
Let us suppose that \ .

¡ I
the lengths A F and \ t I
DE, the radii r and R \'

11, 1;
of the arc at the but- \ 11

\;1

'tr~sses, and the vertical, ~



48 PAPERS ON

are previously determined. Let us call the radius. of the

intermediate are p; we can determine it by the condition

to be a mean proportional between r and R; we shall

then have p == v R r. Then describing from the point F
as a centre, and with a radius equal to p-r, an are, and
from the point E, and with a radius equal to R-p, a

second are intersecting the former in G, the point G shall

be the centre oí the arc which will reunite that at the
buttresses with the vertical one.

If it should be necessary to describe the flat-vaulted
arch ~ith seven centres, it will be proper to find two

mean proportionals p and p' between the radii oí the ex-
treme ares r and R, which will give

3~ 3-

P = vRr2 and p'= vR2r.

Then describe írom the point F as a centre, and with
a radius equal to p-r, an arc which wiU co~tain the

centre oí the arc oí which p is the radius; and from

. the point E, with the radius EH == R - p', a second arc
which will contain the centre of the arc of which p is
the radius. In order to fix aíterwards on each of these

arcs the respective positions oí the two centres, it wiU
be necessary to draw between both these arcs a line H G,

the length ofwhich shall be equal to p'-p; but, as the
position oí this line is not determined by this condition
only, it must befixed by means of a tact on the part

oí the architect thatmay be guided by the condition,

that the exttmt of the arcs oí which the flat-vaulted

arch is to be composed shall decrease gradually and
uniformly from the vertex to the springing.
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This method may be extended to flat-vaulted arehes

eomposed of a greater number of ares; but it is always
neárly useless to employ more than five.

When an extensive eombination of ares is to be

formed, it is not possible, unless in the parts near the
springings or abutments, to employ the beam-eompasses

to strike the neeessary ares. The mode is, to begin
by fixing the extremities of eaeh of these ares, the eo-
ordinates of whieh have been ealeulated beforehand, in

sueh a manner as to form an angle, the supplement of
whieh shall be equal to the half of the are. Thisangle
must be moved in sueh a way that its sides shall always
pass through the extreme points of the are, the vertex
of whieh gives the intermediate points}

Of flat-vaultedarehes whieh are not deseribed with ares

of a circ le .

The diffieulty of traeing out on a large seale, and in a
manner perfeetly exaet, the eurve whieh is projeeted,

when it is eomposed of several ares of a eii'cle, has

given rise to different methods of deseribing the flat-

vaulted areh, in whieh this diffieulty almost totally

vanishes.

Carpenters usually employ, in order to adapt a eurve

1 For a full deseription of this as wellas different other methods
of deseribing ares of a circle, see Dr. Gregory's Mathematies for

Practica1 Men, pp. 127, 128.

E
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to two sides of E D
¡

an angle AED, ¡

:
a method which ¡
consists in di- ¡

j

viding the two ¡;: i u B

sides of the angle into a number of equal parts, and to

join the points of division by lines which they consider
as tangents to the curve, and which, being supposed to

approximate infinitely, determine each of their points by
their successive intersections.By performing this same

operation on the angle BFD, a portion of a curve will'
. be found equal to the first, and which will complete the

description of the arch AD B.
It has been observed for a length of time that the

curve described in the foregoing manner was a portíon

of a parabola, the vertex of which is sítuated between

the points A and D; and it allows of a wider outlet

than is afforded by a flat-vaulted arch composed of three

ares of a circle, or by a full semicircle, which should

be described on the same axes. It th~s presents an
advantage in this respect as well as in the facility

of description. It retains however an inconvenience
resulting [rom the more or less agreeable aspect which
curves of this kind present; in fact, it is evident that

in the parabola the value of the radius of curvature is

a minimum at the vertex of the eurve; and by reason

of the plane where the vertex is fixed in this instanee

it follows that the curve does not diminish progressively
from the springings to the most elevated point of the

}"
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areh. It has besides been proposed to form the flat-
vaulted areh from two ares of a circle described from

the line óf the springings, and connected at the vertex
by a portion of the catenary curve. Curves composed
in this manner present, particularly in the lower part, a
much wider outlet than the ordinary flat-vaulted arches,
and in this respect they seem to be deserving of a
preferenee.

VIII.-ARCHES FORMED FROM AN ARC OF A

CIRCLE.

Latterly a very considerable number of bridges has
been constructed in which the sweep is described byan
arc of a circle, but care has been always taken to place
the springings nearly on a level with high water.
Their positions being fixed by this condition, if the
height to whieh it is possible to raise the vertex of the

arch is equally afforded by the localities, the are is then
completely determined.But very possibly, in this case,

the opening would be too low, 01' the radius of the arc
may have too great a length, so that the work would not

present that solidity which is requisite to be obtained
in such a construction as a bridge. In that case, it will
be best to abstain from the use of thearc of a circle, and

from the advantages which, in other points of view, it
might afford.
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IX. - ON THE SUBSTANCE WHICH SHOULD BE

GIVEN TO THE ARCH-STONES OF BRIDGES.

After having determined the curvature of the arches,

the next question which presents itself is that of the

depth of the stones of the arches at their crown; be-

cause it is upon this that the extent and the direction of

the thrust depend, and consequently the resistance of
which the piers and abutments should be capable. In

regard to this point the works of the ancients, and even
those of the rnoderns, exhibit very great differences.
Several engineers have, indeed, endeavoured to establish

precise rules for this purpose, yet as such rules are not

founded upon true and obvious principIes, they have not

been strictIy adhered to. We shall now proceed to state

sorne particulars briefly, on those which are rnost gene-
rally known.

.

The principal Italian architects, such as Alberti, Pal-

ladio, and Serlio, have vaguely indicated a few of them:

oue having fixed a twelfth, one a fifteenth, and another a
seventeenth, of the span or chord of the arch, as the

proper proportion for the depth of the stones at the

apex. It is obvious enough, however, that a1though

they are not false in thernselves, because founded upon

actual examples from executed structures, such general

indications are not at all to be relied upon whenever the

ordinary forms and dimensions are departed from; for

they are given by their authors without their entering
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into their reasons for doing so, or supporting them by
arguments of any kind.

It is the same with regard to the rules given by
Gauthier in his Treatise on Bridges; who distinguishes

vaults accordingly as they are constructed either of hard

or of soft stone; and to the former he allows a fifteenth
of their span, when it exceeds 10 metres (32'8099
English feet); and to the others about 32 centimetres

(12' 5986 inches) more. Yet he takes no account of the
different forms of curvature; and how defective his rule

is, may be seen at once, when we find that the arches of

the Pont de Neuilly support themselves with a depth of

no more than 1'62 metres (5'315 feet) at their crown,
whereas, according to Gauthier, it oughí' to be 2'6
metres (8'53 feet) , .

Boffrand has also drawn up tables for the same pur-
pose, which give in general a greater ratio for the

depth of the stones at the crown of an arch than Gau-

thier does, and consequently are no more deserving of

attention.

In Perronet's work we meet with a rule which assigns
for the depth of the arch-stones at the crown of an arch
one twenty-fourth of its span; to which 325 millimetres

(12'795 inches) are added, aJterwards subtracting l.i4
of the chord or span. This rule will be found to agree

generally with the depths adopted in such bridges as

have been built, especially in those whose arches are

semicircular or segments of circles; yet some arches
which have been executed appear to prove that the rule
in question establishes too great a substance for the
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structure, when the opening or span of the arch ex-

ceeds 30 metres (98'427 English feet).

We 1 are therefore of opinion that for a rule of this
kind the following ought to be preferred: 1st, a depth

of 0.33 metre(12"9923 inches) to all arches of less than

two metres (6'5616 feet); 2ndly, for those from two

'metres (6'5616 feet) to sixteen metres (52'4928 feet)

the depth should be la of the span, increased by O'33

metre (12'9923 inches); 3rdly, for those from 16

metres (52'4928 feet) to 32 metres (104'9856 feet), it
ought to be h of the span; 4thly, for arches exceeding
32 metres (104'9856 feet) the depth should be h of

the first 32 metres, and fa of whatever may be the

overplus. The same rule will also serve both for semi-

circular and segmental arches, and to those of flatter and

compounded ares, There are many existing bridges of

great size, the substance of whose arches is less than

would be deduced from the foregoing rule,
In order duly to determine the substance of an arch,

regard should be had both to the materials and to the

mode of construction employed,
When it shall have been seen what are the effects

which manifest themselves in arches after they are con-

structed, we shall be convinced that if an arch could be

formed of incompressib1e materials, it could not settle,

except in such degree as the resisting parts might not

be sufficiently strong to support those which press upon

1 'We,' in these Papers, must not be understood to mean the Editor,
Editors, Author, or Authors of the work generally.
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them; or, in other words, only in such degree as the
abutments might not be sufficiently firm to resist the

thrust of the arch.
Free-stone (pierre de taille) may be considered, for all

practical purposes, as incompressible; and we find that

if the arch-stones were to be placed one upon another
without mortar, and without there being any other
filling in or packing in such manner that there could be
no bulging at all, the arch would support itself, provided

the abutments were sufficiently firm, and the key -stone
of such substance that it could not be crushed or splin-

tered by the pressure it would have to sustain.
.

The depth of the key -stone would then at once be

determined, if we knew the horizontal pressure the two

halves of the arch exert upon each other, and the
power of resistance of the stone they are constructed

. of; but it wouldbe necessary to take into account the

shaking from the motion of carriages to which such
arches are exposed, in order not to give them an in-

adequate substance, more especially those of small

diamet~r, upon which the pressure is less consi-

derable.

If the pressure borne by the arch-stones in the crown
of an arch of the boldest execution be calculated, we find

that it is much less than what wou1d be requisite to

crush the stone. In the Pont de N euilly, for instance,

the horizontal pressure against the key -stone is about

14,000 kilogrammes (30,876'72 lbs. av.) for each metre

of its depth, supposing the masonry cut down to the

level of the summit of the extrados; Of about 185,000
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kilogrammes (408,013'8 lbs. av.), having reference to

the weight of the filling in and of the pavement, and

to that of carriages and passengers which it may have

to sustain occasionally. The arches are built of Sail-

lancourt stone; and according to M. Rondelet's ex-

periments, a cubic piece of this stone of the first

quality, whose side is 5 centimetres (1'9685 inches), re-

quires a pressure of 3500 kilogrammes (7719'18 lbs.
av.) to crush it. Consequently, as the arch-stones at

the summits of the arches are 1'624 metre (5'328 feet)
deep, the force neéessary to crush the stones, supposing

it proportioned to the surfaces, would be 2,275,000
kilogrammes (5017467íbs. av.), that is, a pressure more

than twelve times greater than what it is exposed to.

In the arch proposed to be built at Melun, with a span

of 48'7 metres (157'4832 English feet), formed by the

are of a circle whose radius would be 65 metres (213'25

feet), the horizontal pressure against the key -stone would

have been about 240,000 kilogrammes (529,315'2 Ths.av.)

for every metre of its depth, on account of the specific

gravity of the stone (hard conglomerate sand-stone, gres

dur), and of occasional additional weights. But if we take

only 15,000 kilogrammes (33,082'2íbs. av.) as the resist- ,

ance of this kind of stone on a surface of 25 square

centimetres (3' 875 square inches), which is below the

results published by Rondelet, the force requisite to

crush a stone 1'624 metre (5'328 feet) deep, would be
9,744,000 kilogrammes (21,490,197'12 íbs. av.), which

is equal to more than forty times the actual pressure.
After this it would appear that we might adopt for
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arches a considerably less degree of depth in the arch-
stones than what our most experienced constructors
usually give them. But these calculations suppose that

the arch-stones press equally on each other throughout,
and that after the construction is completed there is no

play or vibration, and no greater pressure on one part
than on another. This hypothesis would not be very far

from the truth if the joints oí. the arch-stones were per-

fectly executed; and if packing were avoided, adopting
indeed the method employed by the ancients in their

worksof the same kind, we may conclude that bridges

might be constructed possessing greater boldness and
lightness than are possessed by the generality of those
which have hitherto been executed by the moderns.

Nevertheless, both the change produced in the stones

themselves by the effects of time, and the. inevitable
imperfection in the execution of the joints, would alone
deter us from reducing the key -stones of bridges to

the substances, which, according to such calculatio:o.,

would appear to be sufficient, because the slightest splin-
tering or fraying would sensibly diminish their resistance,
and possibly endanger the arch. But the practice of

packing the joints, and the liability to settling which
results from it, and hence again of changes in the forms

of arches, appear to be the principal causes of the great

differences between the substance indicated as necessary

by the strength of the stone, and that which is usually

glven.

In effect, the packing being, previously to the mortar

beconÚng perfectly dry, the only intermediate substance
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by which the arch-stones bear Qne upon another, it is

evident that the resisting surface is not that of the

entire surface or bed of the joint, but that it is reduced

to that of the packing. Hence, it would seem possible

to determine the depth of the arch-stone, in such manner

that the superficies of the packing on which it rests
were sufficiently large that the corresponding parts oí

the joint of the stone would be able to resist the pres-
sure. But, it is necessary to remark, that the power oí

resistance oí the stone cannot in ihis case be computed
íromexperiments already known, as these have been
made on small detached cubes.

It. may also be remarked that the vertical settling
oí an arch is, ctEteris paribus, greater in proportion as

the depth oí the key-stone is diminished. This settling

depends, in part, on the shortening oí the curve DEd,

which connects the supporting points or extremities oí

the arch-stones, or those about which the stones havea
tendency to turn in the settlement of the arch. This

curve passes through the points oí rupture D and d,

and through E the summit oí the extrados, and it is

more or less depressed according as the key -stone is
more or less deep. Hence we may easily perceive

that, if the compression oí the packing were known

and the shortening the curve undergoes thereby, with
regard to a determined pressure, we could compute the

alllOunt of settlement íor an arch, corresponding to the

given depth of its key-stone. The settlement would be

greater in proportion as the curve DEd might be de-

pressed: but the more considerable the settlement may
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. be, the more it may be found that it wiUbe irregular,
and that the form of the arch will become changed by
means of it. This consideration illduce~ us to endeavour

. to diminish the liability an arch may be ullder in this
respect, by giving the key-stone more than depth enough

to yield sufficient resistance to the greatest amount of
pressure. .

. After what has been said it does not appear that it
would be possible to establish any rule for determining

the depth of the stones for the arches of bridge s ; besides,
this question does not seem to admit of any general so-
lution, because it evidentIy depends upon the nature of

the materials, arid upon the mode of construction em-
ployed. If the arch-stones were to be wrought according

to the manner practised by the ancients, the bedsbeing
rubbed to an even surface, it would be a matter less

. .

arbitrary and uncertain.
.
We might then reasonab~y

presume that the arches would not settle at all when
once constructed; and it would be sufficient to calculate
the power of resistance of the stone, and its greater or

lesser power. oí resisting the effects of time, and acci-

dental injuries. But the mode usually practised does

not admit of such calculation being applied, in. the

absence of experience, to all the elements of which it
is composed. We must, therefore, content ourselves

with consulting the examples with which the most
skilful constructors have furnished USo
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X.-ON THE PRESSURE TO WHICH THE STONE -WORK

OF ARCHES lS EXPOSED.

It will. be readily acknowledged that the question as

to the degree of depth that ought to be allowed to the

arch-stones of bridges is combined with a great variety
of considerations. It is clear, however, that the great-

ness of the pressures to which key -stones are exposed,
and the degree of resistance presented by the stone-
work, form the principal elements of this. inquiry, and

that it is extremely necessary to pay attention to these
points in the formation of large arches. .

We shall express uniformly by Q the horizontal thrust

of the arch, or the pressure which the two halves exer-

cise on each other, and it will be seen, p. 15 (Theory), that

this expression is determined by the condition to be the
greatest possible force that must be applied horizontally

in N, to prevent a portion mnNM of the .vault to turn
froID top to bottom on the edge m. Let the co-ordinates

AO, MO of the point M, be a and b,
, . ¡e

A being the origin, the length of the ¡ j 11)

J 1m ¡
jointMN ==e; and x and y the co- '!!

I i ¡
ordinates of the point m; the length

I I I

of the joint mn == z; and the angle :B .A. 1:e J) o

formed by this joint with the vertical, e. The weight

of the portion of the arch mnNM will be represented
by G, as well as the parts of the construction which
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it supports, and el. will express the horizontal dis-
tance from the centre of gravity of this weight to the
point A.

On these premises it will be clearly seen that by
admitting the exact value of the horizontal thrust Q,

calculated as above, we shalleasily ascertain the per-
pendicular pressure that acts on any joint whatsoever

mn. In fact, this pressure is nothing but the result

of the forces Q and G, that influence the portion of
the vault mnNM, decomposed perpendicularly at mn;

that is to say', that it is expressed by

G sin. 8+~ coso 8.

This expression for the vertical joint MN, is reduced to
Q; and if the first joint AB is horizontal, it would be

reduced for this joint to G, the quantity G being then
the total weight of the half-arch.

On this occasion two remarks are necessary. The
first, that it cannot generally be conformable to truth

to calculate the horizontal thrust Q on the supposition
of a force applied to the edge N; for thekey-stones at

the vertex of the arch press against each other on the
whole elevation, or at least on a portion of the elevation
of the plane of the joint. The pressure being thus sub-
divided over a certain space under the edge N, it act's,

in order to prevent the descent of the portion of the
vault mnMN, with the arm of a lever less than is sup-

posed~ when it is consideredas being applied toN; and

consequently, we find by this supposition, a value of Q



62 PAPERS ON

less than the real one. N o sensible inconvenience how-

ever in general results from this discovery, as far as

regards the equilibrium of the arch, but some may be

feIt with respect to the exact appreciation of the forces

to which the stone-work is exposed.

- The second remark is, that even when we arrive at
an accurate knowledge of the value of the normal pres-
sure operating on every joint, we cannot deduce from
it the effort exerted on the stone-work, as we are

ignorant of the manner in which this pressure is sub-
divided over the surface of the joint.Far froID being
ab]e to admit that the pressure is equaIly. spread over

aIl this surface, it is known, on the contrary, that over

aIl the arch, with the exception of a smaIl number of

joints, the pressure is principaIly exerted near one of

the ends. This circumstance occurs chieflyat the

vertex, where the pressure is felt near the upper end

of the joint; .011the joints of rupture placed in the

haunches of the arch, where it acts near the lower
ends; and finaIly, in the lower joints, under the
springings, where the pressure manifests itself near the

external arris. We must here suppose, conformably to

general experience, that the lower parts of the arch have
a tendency to be forced outwards.

The manner in which the pressure is spread over the
surfaces of the joints is more uncertain, for this reason,

that it depends on the precautions withwhich the beds

of the arch-stones are wrought and disposed, on the dis-

tribution of the packing, the consistence of the mortar,
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on the extent oí the settlement oí the arch, according

to which the joints are more 01'less open, &c.
In order, however, to present some slight sketches on

this subject, let us suppose an arch built oí hard stone
shall be wrought and set without JIlortar; suppose,
moreover, that the lower part oí thearch has scarcely

substance and weight enough to resist the thrust, so that

the equilibrium is nearly -interrupted by the sinking of
the upper, and the reversal of the lower parts. In
that case, when we consider, in the first place, the joint
MN, placed at the vertex oí the vault, we may admit

that if this jOlnt were on the point of opening, the pres-

sure at M would be nothing. We may suppose, more-
over, that the stone a~mits oí being compressed in a
slight degree; this compression, which is almost imper-
ceptible at the lower part oí the joint, increases pro-
gressively from the point M to N, where it is at its
maximum, and in the same way that the pressures
experienced by the different portions oí the surface of
the joint increase also uniíormly from the lower end M,

where the pressure is nothing, to the upper end N,
where it is in the greatest possible degree. Then still

preserving the aíoresaid denominations, let K be the

value of the pressure at its maximum, which takes
place at the upper end N, this value being referred to a
unit oí suríace; the. pressure exercised at the distance

v from the lower edge 01' arris M, will be K!!..., and the
e

pressure exercised on the element dv of theheight o(
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the voussoir wiU be K vdv.
c

served, that the condition which determines the amount

of the pressure exercised on all the elements ought to

be such, that the sum of the moments tak~n with regard

to the arris m, will be equal to the moment of the weight
G of the portion of the arch mn N M, taken with regard
to the same arris.

The equality of the sum of these moments may be
thus expressed:

It is besides to be ob-

K e
~ I dv. v(b-y+v)=G(a-x);
cJ O

or, by integration,

1
6"K[3(b-y)c+2c2] =G(a -x).

. K - 6G(a-x) ... - 3(b-y) c+2c2

This formula will give, on the hypothesis which we

have admitted, and which is not far from the truth, for

an arch constructed as above, the value of the greatest

pressure supported by the parts of the joint MN placed

at the vertex of the arch. It is moreover evident, that
as this value, of K varies with the position of the joint
mn, where the rupture is supposed to take place, it will

be necessary to ascertain the position of this joint, which

will give the greatest possible value for K.

The expression for the horizontal thrust, when cal-
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culated on the supposition that it opera tes solely agaínst

the edge N, is

Q -
G(ct-x).

-b-y+e
According to the data assuriled above, the expression

of this thrust is the sum of the elementary pressures
vdv h

. 1 KK -, taken from O to e, t at lS to saY'"2 e; or sub-
e

stituting the value of K we have,

3G (ct-x) ,
3(b-y)+2e

which is a value somewhat greater than the preceding.

With respect to the joint mn, which we shall suppose
to be the joint of rupture, that is to say, the one which
coincides with the greatest value of K, we shall be
allowed equal1y to admit (since this joint --is supposed
to be ready to open), that the pressure is nothing at

the upper edge n, and that it increases uniformly, setting
out from this edge, till it reaches the lower edge m,

where it is in the greatest possibIe force. If again we

designate by K the maximum of the pressure with
reference to a unit of surface, and by v the distance of

any point whatsoever of mn from the extremity n, we shall

have K!!. for the pressure which takes place in this
z

point, as we have taken z to be the length of the joint.

Thesum of the pressures operating on the whole sur-
face of the joint will then be

K
~

Z 1
- dv. v, or "2Kz.
z o

F
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As we have given, at p. 61, an expression for the effort

directed against the joint, by making it equal to that

amount, we shall get

~ Kz==O sin. e+Q cosoe,
...,

. . . K ==
2 (O sin. e+ Q coso e).

z

This value of K, or the greatest pressure experienced

by the parts of the joint of rupture mn, is precisely
the double of the result obtained from supposing the

effort equally divided over the whole surface of the
joint.

The same considerations may be applied to the 10wer

joint AB, which is ready to open in A, when the equi-

librium of the vault is on the point of being interrupted.

In order to calculate the value of K, which belongs to

this joint, we may use the foregoing formula, in which
O will represent the whole weight of the half-arch; and

if the joint is horizontal, we shall have simply

K==20.

Experience has fully proved that in arches similar to

those usually adopted in modern bridges, not only the
joints plac~d at the vertex, and at the points of rupture

in the haunches, but also several joints near them, open

when the equilibrium is once interrupted. In that case,

the preceding formulre are applicable to them. With

respect to the intermediate joints, which have no ten-
dency to open, it would not be more conformable to

truth to supposethe pressure to be nothing at either of
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the extremities of the joint. If we set out from the vertex
of the arch, in going towards the haunches we pass
the joints where the pressure tends to operate solely on
the upper and outer arrises to those where it tends to
operate solely on the lower and inner ones. We should

find in the interval a joint in which the pressure does

not tend to exert itself more on one end than on the other.
Thisis determined by the condition that the direction of
the one resulting from the horizontal pressure Q, and

the weight of the portion of the half-arch that is above
this joint, passes at an equal distance from tbe upper
and lower ends. It may be supposed, with respect to

the joint in question, that the pressure is equally spread
throughout its whole depth. We should find, in like
manner, a joint subject to the same condition, between

the joint of rupture in the haunch, and the joint at the
springing of the arch. It is obvious in this view, that if

we apply to these intermediate joints the formula spe-
cified above, to determine tbe maximum value K of the
pressure supported by the stone-work, we should have a
value greater than the true one; so that these formulCB
give, at least for the latter joints, the knowledge of a

limit which the pressure cannot go beyond.
All the foregoing observations are, moreover, founded

on the supposition that the parts of the arch are in a state
of equilibrium which is llear to being destroyed, so that the

joints are almost in the act of opening at the points of

rupture. But in reality, there will always be a surplus
of resistance, for if the arch-stones may be supposed to

have been well wrought and placed in contact, so as
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to render bulging and change of form impossible, the

joints will not open. In this state, it may be deter-

mined that there will be really no pressure upon those

of the joints liable to rupture which are the least acted
upon, as has been supposed above. We may therefore

conclude that in calculating the value of K by the fore-
going formul<:e,we shall discover limits which the real

pressure cannot pass, and from which it will be the
more remote, as there will be a greater surplus of re-

sistance in the lower parts of the arch.

If however we suppose the arch-stones to be set with

packing and inmortar, or in other compressible materials
which may admit of settlement and change of figure in

the arch, and permit thejoints to open or close, the hy-

potheses and the foregoing calculations will be at variance

with the natural effects. It happens, in fact, that in con-
sequence of the gaping of the joint at one of its extremities,

and its binding at another, especially near the points of
rupture, the arch-stones are entirely separated through-

out a portion of their depth, and only bear upon one
another at and near the end where the stress takes place.
This effect wasobserved on striking the centres of the

Bridge of Nemours, where the first arch-stones bore
upon the impost only about om'32 (1'05 feet) of the

depth. The layer of mortar with which the jointhad
been

.
filled before the centering was struck adhered to

the bed of the impost, and was separated from that of

the arch..stone on the remainder of the joint, the whole
depth of which was Im'30 (4'265 feet).

It is difficult, in such cases, to arrive at an accurate
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notion of the action to which the stone is subjected,
and to establish a paralleI between this action and that
which it supports in experiments upon small cubes of

the same material. Calculating upon the results of
such experiments, it would appear that if the bearing
were confined to the proportion above supposed oí the
surface of the bed of the arch-stone, there would be no
occasion whatever for uneasiness as to the resulto

It may be remarked also, that even if precautions are
taken to adapt the joints to the probable results of settle-
ments, by setting those open which are likely to bind in

settling, and by setting the joints clase which are likely
to open, it does not follow that the pressure will so
distribute itself as to produce the desired effect.1

It may be stated besides, that in diminishing the
depth of the -- stones composing an arch, the resistance
which the arch-stonesoppose to pressure is not di-
minished in the same degree, especially if the diminution
in that respect tends to increase the length of the radius
of the intrados without lowering the vertex of the arch.
In fact, by reducing the substance of the arch, the

weight with which the upper part is charged is reduced,
at the same time, in a considerable degree.

If the vertex of the curve of extrados is not depressed,
then no change is made in the arm of the lever by

which the pressures exercised against each other,

1 The observations, of which the foregoing is the substance, have
reference to a mode of practice which is not pursued in this country,
and which, literally translated, would not be understood. '
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by the two ha]ves of the arch, support the super-

incumbent weight; and even in the case of an arch

which is the segment of a circle, or of one composed of
various curves, this arm of the lever is increased, be-
cause the effect of a diminution of weight in the upper
part of the arch is to depress the joints of rupture.

Such being the fact, we need not be surprised to find a

considerable difference between the degrees of thickness

allowed by different architects to árches having the same

dimensions, and again, to the diversity that is found
with respect to the resistance which various sorts of

stones offer to pressure. For though, in general, stone
that offers the most resistance is likewise the heaviest,

the difference found between the degreesof resistance

of which various sorts of stone are capable, is much

greater than that which exists between their specific

gravities respectively; so that with harder stone the

same solidity may be obtained with much less substance.

XI.-ON THE THEORY OF ARCHES, AND OBSERVAT10NS

ON THE FUNDAMENTAL PR1NC1PLES ON WH1CH 1T

1S GROUNDED.

In the works of Perronet we find a description of the
effects which manifested themselves in the large arches

which were constructed under his direction, both whilst

the arch-stones rested upon the centres, after the key-

stones were set, and when the centering had been
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struck. He has pointed out methods of striking the
centering so as not to subject the curvature of the

arches to alteration, and noticed what precautions
are necessary to be taken in setting the voussoirs.
All the remarks which he has published constitute a
consistent system, and throw much light on this subject.

It may be generally remarked, he observes,1 that the

lower courses of arch-stones may be set without the
assistance of centering, which becomes necessary only

when they begin to slip upon one another, and this
usually happens when the beds of the joints form with
the horizon an angle of about 40 degrees. At and after
that point, the centres begin to support a portion of
the weight of the arch-stones, they spread at the base,
and where a reversed centre is adopted, it rises at the
vertex, unless hindered from doing so by the applica-
tion of a weight more or less considerable.

The arch/of St. Edmé, at Nogent-sur-Seine, appears

to be the work for which these effects have been observed

and described with the greatest careo Its form is a
compound, with a span of 29m'24 (95'9 feet), and a rise

of 8m'77 (28'77 feet), the depth of the key-stones being
at the vertex lm'62 (5'31 feet). Each half of the arch
is composed of 47 radiating courses of stones, without
including the key-stone. The first twenty voussoirs

being placed, the five last separated in consequence of

1 W orks of Perronet. Essay upon setting and striking the centres
oí bridges.
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It is a natural conclusion, from these observations,

which may be repeated on all constructions of the same
kind, that the upper part has no tendency to drive back

the lower parts by sliding upon the joints of rupture, as

was supposed according to La Rire, and, consequently,

that the results derived from calculations upon that
hypothesis must be erroneous. To obtain an accurate

idea of the nature of the thrust, it is necessary to con-
sider successively the two principal epochs in the con-
struction of an arch.

When most of the arch-stones are set, and are ap-
proaching towards the key-stone, the centre is loaded
considerably, as it supports the whole weight of the arch,

and it suffers in consequence an action which is especially
felt towards the vertex. Every stone tends downward
in proportion to its proximity to the key-stone, and it

is clear that any stone in descending must turn on its

lowest axis, whence the joint must open at the extrados.
This separation is especially sensible at the point where,

because of the inclination of the beds of the joint com-
pared with the direction of the weight, the vertical
action distributes itself more unequally oVer the sub-

jacent arch-stones, and it is for this reason that, in the
bridge of N ogent, the most open joint was found to be

placed near the 26th course.
When the key-stone is set, and the centering

struck, the upper parts of the arch DE and dE are

no longer supported but by their mutual pressure, and,

by reason of the settlement that takes place, their point

of common support is of course carried to E at the
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extrados: the joints then tend to close up, as has been
constantIy observed, and some architects have endea-

voured to add to this effect by driving wedges, the
object of. which is to augment the solidity of the arch,

at the same time that the energy of the pressure which
these two parts of the arch direct against one another,
and by means of which they are mutually supported,
completes the compactness of the structure.

Theeffort of this pressure is however necessarily

carried towards the abutments, and the lower parts of
the arch, which it has a tendency to throw out by

.

making them turn upon their exterior arrises K and k.

Each half of the vault is separated into two parts, at
certain points D and d, which serve as points of support

to the upper parts, and by means of which their action
is transmitted to the abutments; these points of support
are necessarily found at the intrados. If the abutments
have not stability enough to resist the action of the arch,

the four parts will fall, turning upon the points K, D,
E, d and k. If they have power to support it, the

effect of the settlement wiU be confined to closing up the
joints at the extrados near the point E, and at the in-
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trados near the points d and D, and to make them open

at the intrados near the point E, and at the extrados

near the points D and d.

The position of the points d and D, which have been

termed points of rupture, and which it is extremely im-

portant to know accurately, depends on the figure of the

arch and the distribution of the weight which it supports.
In the bridge of Nogent, of which we have spoken above,
the position of the joints liable to rupture was naturally

indicated, between the 16th and 17th courses of arch-

stones, by the points of inflexion on the two lower lines

drawn on the heads of the arch-stones. It was not

possible to discover it by the same means in the bridge
of Neuilly, by reason of the form of the heads of the

arch-stones, which are in an arc of a circle, but it was
found that the points of rupture were placed between the
26th and 27th courses, because it was in that spot that

the joint opened most at the extrados.

It is obvious that arches can sink only in the same
proportion that the stones nearest to the key-stone, to

the points of rupture, and the base of the abutments,
detach themselves one from another, by turning on their
upper or lower arrises. The tenacity of mortar may

oppose itself to this effect, and that tenacity may be thus
sufficient to hold the arch together, as we sometimes find
in ancient structures, when the piers or abutments have

not the power of resistance which. they should have. At

the same time, the adhesive power of mortarmust not

be trusted to, because it does not take effect until after
a lapse of time; and although by letting the centering
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remain, we may afford the masonry time to become
perfectly firm, it is not advisable to reckon upon any

degree of strength to be acquired by that means, and

which it would be difficult, besides, to compute with any
degree of certainty.

The preceding remarks are fully confirmed by the
observations which we have made on several arches

that were in danger of falling, and on those which we
have ourselves had occasion to take down. With

respect to the latter, we took care to have horizontal
trenches carefully formed in their piers, and we have

uniformly observed that the first disjunctions appeared
at the intrados near the key, that others were formed

afterwards towards the haunches, where their greatest
breadth was at the extrados, and that, in short, the.
upper part was depressed by dividing itself into two
principal parts, each of which overturned the pier that

it had stood upon.
This theory is equally in unison with the direct experi-

ments which we undertook to make on this subject.
We constructed arches in the full semicircle, and in
the flat-vaulted arcs lowered t and !, and others in
segments of a circle. Their span was 65 centimetres

(25' 59 inches); the voussoirs, 27 millimetres (1'063
inches) in breadth at the inside, were made of wood, and
cut with the utmost exactness. We endeavoured to

destroy the equilibrium between the thrust of the upper
parts, and the stability oí the lower ones, both by di-

minishing the substance of the piers, and by loading
the summit of the arch, and we have constantly remarked
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that the rupture had a tendency to operate after the

manner which we have described.

These experiments have been repeated on a larger
scale by M. Boistard.2 The arches which he employed

were constructed with great exactness with voussoirs
of bricks wrought as stones, the thickness and height

of the joints of which were 109 millimetres (4'29 inches).

The span oí the arches was 2m'274 (7'46 feet), and

their length om'22 (8'66 inches).
Arches varying in form from that of a semicircle to

almost perfect flatness have been made with these ma-
terials, the versed sines of which were respectively -1, t,
and l-7 of the aperture. They were constructed with a
centering, and their rupture occurred upon the centering

being let down vertically ; whether it was occasioned by

loading the crown of the arch, or by diminishing the

thickness and strength of the abutments.
Each of the arches which we have mentioned was

subjected to three principal trials. In the first, the
voussoirs were cut down to about 108 millimetres (4'25

inches) in depth, and, as this substance was not suffi-.

cient to enable them to support themselves when the

centering was struck, a certainnumber of the voussoirs

of the upper part sunk in a vertical direction with it,

ansl made a lodgement on its summit. The two lower
parts of the arch then produced the effect of two salient

arcs, and divided themselves into two portions. The

2 See a work entitled Recueil d' expériences et d' observations faites

par M; Boistard.'
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last joints of each part opened at the intrados, near
both the upper extremities, and the springings of the
arch, and the rupture had a tendency to show itself
towards the middle, where the voussoirs did not touch

the centering, and where the joints opened at the ex-
trados.

In the second trjal, in which the voussoirs were again

cut down, a certain number of them in the lower part

were embraced by a cord that was drawn over the ex-
trados, and which was kept stretched by a weight.

The pressure which this cord produced over the last
voussoirs counteracted the tendency toseparate, which

the upper parts of the arch produced; and it has been
constantly observed-lst, that if the weights that pro-
duced the tension of the two cords were not sufficient
for the equilibrium, the arch broke, opening at the in-
trados near the key-stone and near the springings,
where the last voussoir tended to swing round upon its
exterior arris, and at the extrados in the haunches;
2ndly, that in case the weights were sufficient to main-

tain the equilibrium, the same joints opened again in

the same manner, in consequence of an unavoidable
movement, but the action of the weights had a tendency
to bring them together again, and they opened and shut
alternately by a sort of oscillating motion, during which
the parts of the arch turned alternately in the two di-

rections round the points of support which the arrises
of the consecutive arch-stones presented to them; 3rdly,
that finally, when the tension of the cord was so great

that the pressure it exercised Oil the lower parts of the
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arch was capable. of making the upper parts shoot up,

the same etfects were displayed in an opposite direction,

that is to say, that the arch burst at the key, where it

opened at the extrados, at the haunches, where it opened

at the intrados, and at the springings, where the last

voussoir turned round on its ¡nner arris. When the
arches were raised on piers, the effects were precisely

the same, except that the piers acted with the lower
parts of the arch, which, in falling, tended to turn round

the outer arris of the base of the piers, instead of
turning round that of the voussoir placed at the
sprmglngs. .

In the third trial, buttresses were raised, and the

spandrels of the arch were filled up with masonry to

a level with the vertex, where the arch was still 108
millimetres (4'25 inches) in depth. When the stability

of the abutments was sufficient to resist the thrust, the

arch retained its primitive figure after the centeringwas
struek. When the weight on the upper part was in-
ereased, the arch broke in the U:sual way, and the posi-

tion of the joints of rupture in the haunehes was
determined by. the weight, and the manner in whieh

it was distributed at the erown of the areh, and by the
height of the piers on whieh this areh was sometimes
raised. It was generally observed that when the arches

were not raised on piers, the rupture had a tendeney to
appear at an angleof about 30 degrees of the semieircle

deseribing the semi-areh, or towards the angle of 50 de-
grees of the small arc, in the flat-vaulted areh deseribed

with three ares of a circle. The point of rupture usually


